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Piezoelectric-based energy harvesting is an efficient way to convert ambient vibration 
energy into usable electric energy. The piezoelectric harvester can work as a sustainable and 
green power source for different electric devices such as sensors and implanted medical devices. 
However, its application on civil infrastructures has not been fully studied yet. This dissertation 
aimed to study and improve the piezoelectric-based energy harvesting on civil infrastructures, 
especially on bridge structures. To reach the objective, a more accurate model for piezoelectric 
composite beams was built first, which can be adopted for the modeling of different kinds of 
energy harvesters. The model includes both direct and inverse piezoelectric effects and can 
provide a better prediction for the dynamic response and energy output of a harvester.  
 
Secondly, to examine the piezoelectric-based energy harvesting on civil infrastructures, 
four concrete slab-on-girder bridges that represent the majority of bridges in the United States 
were modeled and used as the platforms for the energy harvesting. Piezoelectric cantilever–based 
harvesters were adopted for the energy harvesting performance simulation considering their wide 
usage. Different parameters of the bridges and the harvester were studied regarding to the 
harvesting performance. Two major problems for energy harvesting on civil infrastructures were 
identified, namely their low frequency vibrations and wide frequency ranges.  
 
Then, a multi-impact energy harvester was proposed to improve the harvesting 
performance under the vibration of low frequencies. The multi-impact was first introduced and 
theoretically proven. Theoretical and experimental studies for the multi-impact energy harvester 
were conducted. Both the results show an increased energy output power than the one from the 
conventional cantilever-based energy harvester. A parametric study was also presented which 
can serve as a guideline for the design and manufacture for the proposed harvester.  
 
Finally, a nonlinear energy harvester was proposed utilizing the magnet levitation. A 
larger band width was expected due to the stiffness nonlinearity of the system. A theoretical 
model was built for the harvester and its energy output was simulated under the excitations of 
sinusoidal vibrations and bridge vibrations. The simulation results show a promising way to 











CHAPTER 1. INTRODUCTION 
     
This dissertation consists of seven chapters. Except the chapters of introduction and 
conclusion, all the other chapters are based on papers that have been accepted, are under review 
or are to be submitted to peer-reviewed journals. The dissertation is constructed using the 
technical paper format that is approved by the Graduate School at Louisiana State University.  
The technical paper format is intended to facilitate and encourage technical publications. 
Therefore, each chapter is relatively independent. For this reason, some essential information 
may be repeated in some chapters for the completeness of each chapter. All the chapters 
document the research results of the Ph. D candidate under the direction of the candidate’s major 
advisor as well as the dissertation committee members. This introductory chapter gives a general 
background on information related to the present research. More direct and detailed information 
can be found in each individual chapter.  
 
1.1 Introduction to energy harvesting   
 
The process of acquiring the energy surrounding a system and converting it into usable 
electrical energy is termed energy harvesting [1]. Power harvesting, energy harvesting, power 
scavenging, and energy scavenging are the four terms that are commonly used to describe the 
process. [2]. 
 
An energy harvester generally comprises three main components: the generator which 
converts ambient environment energy into electrical energy, the voltage booster which raises and 
regulates the generated voltage, and the storage element which can be a super-capacitor or a 
battery. This dissertation is mainly focused on the study of the first part.  
 
The main sources of energy available for harvesting are the following: (1) Mechanical 
Energy: from sources such as vibration, mechanical stress and strain; (2) Light Energy: captured 
from sunlight or room light via solar panels, photo sensors or photo diodes; (3) Thermal Energy: 
waste energy from engines, furnaces, heaters, and friction sources; (4) Electromagnetic Energy: 
from inductors, coils and transformers; (5) Human Body: a combination of mechanical and 
thermal energy naturally generated from bio-organisms or through actions such as walking; and 
(6) Other Energy: from chemical and biological sources [3]. Among the energy source 
mentioned above, the present study is mainly focused on the mechanical energy harvesting.  
 
Mechanical energy harvesting devices produce electricity from vibrations, mechanical 
stresses and strains of the surface the harvester is deployed on. Energy extraction from vibrations 
is typically based on the movement of a "spring mounted" mass relative to its support frame. 
Mechanical accelerations are produced by vibrations that in turn cause the mass component to 
move and oscillate (kinetic energy). This energy can be converted into electrical energy via a 
magnetic field (electromagnetic), strain on a piezoelectric material or an electric field 
(electrostatic). Most vibration-powered systems rely on resonance to work, which implies there 
is an optimal frequency for the system to derive most of its energy. 
 
In electromagnetic energy harvesting, a magnetic field converts mechanical energy to 




established by a stationary magnet. The coil travels through a varying amount of magnetic flux, 
inducing a voltage according to Faraday's law. The other and more advantageous ways are to 
move the magnetic structure (which is inherently massive) and to keep the coil fixed [4], hence 
increasing the power output and making the electrical connections more reliable. For improving 
the performance of the electromagnetic energy harvesting, significant research has been done in 
both MEMS scale [5-7] and macro-scale [8, 9]. Its applications on civil infrastructures such as 
bridge structures can also be found in the literature [10, 11]. 
 
Electrostatic (capacitive) energy harvesting converts mechanical energy to electrical 
energy by moving part of a transducer against an electrical field and relies on the changing 
capacitance of a vibration dependent variable capacitor. The variable capacitor is initially 
charged and, as vibrations separate its plates, mechanical energy transforms into electrical energy 
[3]. Since electrostatic energy harvester requires an external energy source to operate it and 
usually has low energy density, it is not the main research direction for energy harvesting and 
only a few studies  can be found in this area [12-16].   
 
Piezoelectric energy harvesting converts mechanical energy to electrical one by straining 
a piezoelectric material. Piezoelectric materials belong to a larger class of materials called 
ferroelectrics [1]. It can produce electricity when stress or stain is applied on it. The piezoelectric 
energy harvester is typically a cantilever-beam structure with piezoelectric layers attached on the 
beam and a mass at its unattached end since the mass at the end can provide higher strains for a 
given input force. The voltage produced from the piezoelectric layer varies with time and strain, 
effectively producing an irregular AC signal. The piezoelectric energy harvesting produces 
relatively higher voltage and power density levels than the electromagnetic and electrostatic 
systems. This dissertation is focused on the energy harvesting using piezoelectric mechanisms.  
 
1.2 Piezoelectric energy harvester modeling  
 
An accurate model of a piezoelectric energy harvester plays a very important role in the 
study, design and application of the energy harvesting system. The modeling of piezoelectric 
materials has been studied thoroughly in the last century. The direct and inverse piezoelectric 
effects can be accurately described through the equations with a piezoelectric stain coefficient or 
piezoelectric stress coefficient [17]. However, a more accurate model of a piezoelectric 
composite beam which is the typical formation of a piezoelectric energy harvester is in urgent 
demand for the study of energy harvesting.  
 
Significant research has been done in the area of piezoelectric harvester modeling. 
Williams and Yates [18] derived the equations of motion for a nonspecific energy harvester that 
consisted of a seismic mass on a spring and a damper. The output power was derived from the 
energy that could be dissipated through the damper by converting mechanical to electrical 
energy. Although it is a simplified model of an energy harvester, it can provide an approximate 
estimation of the harvesting power and clarify the relationship among various parameters of an 
energy harvester.  Lu [19] proposed a model based on the linear piezoelectric theory and beam 
theory to predict the vibration of the composite beams and its energy output. In the model, it was 
assumed that the thin piezoelectric layer does not change the deformed shape of the beam and the 




direction of the beam was considered in the model. This model ignored the inverse piezoelectric 
effect. Ajitsaria et al. [20] studied the piezoelectric cantilever modeling based on Euler-Bernoulli 
beam theory and Timoshenko beam equations for the voltage and power generation. The 
analytical approach was the same as the previous modeling method and the comparison with 
other models was also conducted. Henry [21] proposed a model based on energy conservation 
for the piezoelectric composite beams. The model was formulated by defining the potential and 
kinetic energy of a beam with a piezoelectric volume fraction. Hamilton’s principle was then 
applied, which states that the variation of the system energy must be zero at all time.  As a result, 
the equations of motion of any mechanical system containing piezoelectric elements can be 
generated. However, solving the equation can be a complex and time consuming task which is a 
disadvantage of the model. Liao [22] used the energy conservation model to predict the 
harvesting power around a single mode of vibration. Optimization of system parameters was 
studied such that the maximal performance can be achieved. Experimental validation of the 
model was also presented. Erturk [23] proposed a distributed-parameter electromechanical model 
for a bimorph piezoelectric cantilever beam. The model is a recent developed one with a full 
consideration of the electromechanical coupling effect for dynamic systems and is used in the 
present study. 
 
1.3 Application of piezoelectric energy harvesting in civil infrastructures 
    
While energy harvesting provides a promising way to supply power, its application on 
civil infrastructures has been seldom studied. One of its applications is powering the wireless 
sensor network in a structural health monitoring system which provides surveillance, evaluation 
and assessment for existing or newly built civil infrastructures [24, 25]. The developments of the 
wireless sensor network are limited by the conventional power sources like rechargeable 
batteries. Recharging or replacing batteries always bring some inconveniences and sometimes 
can be very expensive or even impossible, especially in some civil infrastructures. While the 
energy harvesting can be a perfect substitution of the conventional power sources, its 
performance in civil infrastructures needs to be studied. 
 
Elvin et al. [26] studied the feasibility of energy harvesting for powering a structural 
health monitoring system (SHM). Piezoelectric cantilever based harvesters were used for 
simulation and their energy outputs in different bridge and building structures were obtained 
under various loading conditions. Gyuhae et al. [27] reviewed the development of energy 
harvesting for low-power embedded SHM sensing system. After the sensing system design for 
SHM was first introduced in the paper, power requirements for various sensing modalities used 
in SHM were discussed. Different energy harvesting approaches including piezoelectric 
mechanism were studied considering the requirements and current technology limitations. Kima 
et al. [28] experimentally examined the piezoelectric effect on various loading conditions for the 
possibility of harvesting energy from bridges. Piezoelectric patches were attached on a steel 
beam-slab type bridge specimen and were tested under various structural responses 
corresponding to various traffic conditions. The experimental results were compared with 
numerical simulation results and indicated that the energy outputs were largely affected by the 
strain increasing rate and the peak strain in the piezoelectric patches. Erturk [29] formulated the 
problem of piezoelectric energy harvesting on a bridge system which includes harvesting energy 




fluctuations. Both piezoelectric cantilever and piezoelectric patch were modeled and a case study 
was also given for the attached piezoelectric patch on a real bridge. Ali et al. [30] theoretically 
studied the energy output from piezoelectric energy harvesting in highway bridges. A 2-D bridge 
model with a moving point load was investigated and a linear single-degree-of-freedom model 
was used for the piezoelectric energy harvesters.  
 
1.4 Piezoelectric energy harvesting aimed on low frequency vibration 
     
Based on the review of previous studies of the energy harvesting in civil infrastructures, a 
problem found for the application of piezoelectric energy harvesting in the field of civil 
engineering is the mismatch between the natural frequencies of harvesters and civil 
infrastructures. Due to the high stiffness and brittleness of piezoelectric patches, it is very hard to 
lower the resonant frequencies of the harvesters to match the ambient vibration frequencies in 
civil infrastructures which are usually several Hz or even lower. Even if the resonant frequency 
can be tuned as low as required, the limitation of small strain allowed in piezoelectric patches 
will lead to a low energy output power.   
 
Rastegar et al. [31] designed a two-stage system which consists of a seismic mass and 
two stiff cantilever beams. The seismic mass can absorb vibration energy at a very low frequency 
and trigger high frequency vibrations on the two cantilever beams by impacting. With a high 
resonance frequency, the cantilevers beams with attached piezoelectric patches can efficiently 
convert the vibration energy to electric energy. Lee et al. [32] proposed a MEMS scaled device 
that can rectify a low mechanical frequency to a higher resonant frequency mode. The device 
consists of a piezoelectric beam with a sharp probe on its tip and a slider with several ridges on 
its surface. When the probe contacts the ridges, the movement of the slider can cause vibrations 
of the cantilever beam at its high resonant frequency. Gu [33] proposed a piezoelectric energy 
harvester based on impact vibrations that is assembled with a compliant driving beam and two 
rigid generating beams. The ambient low frequency vibration is up-converted to a high resonant 
frequency one by the periodic impacts between the driving beam and the generating beams. An 
experimental demonstration was also presented to show the efficiency of the electric power 
transfer.  
 
1.5 Piezoelectric energy harvesting with large bandwidth 
    
Another issue for the piezoelectric energy harvesting in civil infrastructures is the 
frequency sensitivity of energy harvesters. The natural frequency of a piezoelectric based energy 
harvester is usually manipulated to match the frequency of the external excitation by which the 
harvester can resonate with the excitation and generate high energy output. However, the 
vibration of a civil infrastructure is more-or-less random and a dominant frequency does not 
always obviously exist or it changes with many factors such as excitations. It is difficult for an 
energy harvester to match the vibration frequency of a civil infrastructure all the time.  As a 
result, the performance of the energy harvesting largely deteriorates. To improve the robustness 
and efficiency of an energy harvester, a few studies have been carried out and the harvesters with 
wider bandwidth have been proposed or built. Three major ways are used to achieve a wider 
bandwidth for the piezoelectric harvesters which are (1) nonlinear stiffness, (2) bi-stable 





Hajati [34] designed and manufactured a pie-shaped MEMS-scale piezoelectric energy 
harvester. Instead of a fixed-free cantilever beam in a conventional design, several double 
clamped beams were used to connect the proof mass and the frame of the proposed harvester. 
With a large deflection of the proof mass, the strains of the beams include not only the bending 
one but also the uniform tensile strain along the beams. The tension strain can be boosted rapidly 
for very small deflection levels which bring lager energy output. Furthermore, it leads to 
additional nonlinear stiffness that acts like a negative feedback to keep the system close to 
resonance amid a wide range of frequencies and amplitudes. Different from a typical frequency 
response of a linear system with a sharp peak, the nonlinear system proposed has a big 
bandwidth by skewing the peak to the right side of the vibration frequency spectrum. The 
experiment results show that the system has a large deflection in a wide range of frequency 
between 720Hz and 855Hz. Marinkovic [35] proposed a wide bandwidth energy harvester 
named “smart sand” based on the similar idea in the previous paper. The proposed device 
consists of four very thin fixed-fixed beams, or tethers, arranged compactly to support a large 
proof mass in the center. The nonlinearity of the tethers’ stiffness arises when the proof mass 
deflection is comparable to, or larger than, the thickness of the tethers, resulting in stretching in 
addition to bending. With the nonlinearity of stiffness, the system can maintain a high vibration 
amplitude at a wider frequency range from 160 Hz to 400 Hz. By reducing the cross-section of 
the tether or increasing its length or proof mass, the fundamental natural frequency of the 
harvester can be lower to match the ambient vibration frequency.  
 
Formosa [36] proposed a non-linear bi-stable oscillator (NLBO) as a wide bandwidth 
energy harvesting device. The NLBO system has two stable and one instable equilibrium 
positions. The system can vibrate in the vicinity of one of the two local stable equilibrium 
positions and can also have large movement jumping from one equilibrium position to another. 
The author pointed out that the phenomenon of system jumping randomly from one state to 
another state could be described as stochastic resonance (SR). Based on the effect of SR, an 
appropriate energy harvesting mechanism is developed. The numerical simulation shows that the 
system has small oscillations around one of the equilibrium positions when the excitation is 
small and can jump across the central unstable position when the excitation is big enough. The 
author also built an experimental device but no result was reported in the paper. Arrieta [37] 
proposed a bi-stable composite plate with bonded piezoelectric patches for broadband energy 
harvesting. By adding flexible piezoelectric patches to a bi-stable plate, high energy levels were 
converted from the nonlinear oscillations obtaining a broadband harvesting device. The response 
of the structure was experimentally investigated revealing different large amplitude oscillations. 
Seok [38] proposed an energy harvesting device that utilized the mechanism of snap-through 
buckling. The proposed device consists of buckled slender bridges with a proof mass and 
cantilever beams attached on them. When subjected to a low-frequency vibration above the 
threshold acceleration value, the buckled bridges snap through between two equilibrium states, 
providing a high acceleration to the attached piezoelectric cantilever beams and thus causing 
them to resonate at a high frequency and generate electric energy. Ferrari [39] proposed an 
energy harvester that consists of a piezoelectric beam converter coupled to two permanent 
magnets to create a bi-stable system. The system bounces between the two stable states in 
response to random excitations, which significantly improves energy harvesting from wide-





Shahruz [40, 41] designed an energy harvester which resonates at a wide frequency range 
and without the need of any adjustments. This device consists of different cantilever beams with 
different lengths and tip masses attached to its common base frame. Each cantilever has its own 
resonant frequency, and these together constitute a so-called “mechanical band-pass filter”. By 
selecting a series of proper cantilever beam dimensions and proof masses, the device can obtain a 
wider resonance frequency range (51.87 Hz to 62.33 Hz as reported). However, the device needs 
more beams and piezoelectric patches which lead to an increasing of size and cost. Also, the 
method for designing the filter and its fabrication are discussed in the paper. Erturk [42] 
proposed an L shaped beam-mass structure as a new piezoelectric energy harvester configuration. 
This structure can be tuned to have the first two natural frequencies relatively close to each other, 
resulting in the possibility of a broader band energy harvesting system. In the previous paper [40, 
41], the proposed harvester combined different piezoelectric beams in parallel, while in Erturk’s 
paper [42], the harvester combined different piezoelectric beams in series. Both of them can 
widen the resonance frequency range for energy harvesting 
 
1.6 Overview of the dissertation  
 
The focus of this dissertation is on the piezoelectric based energy harvesting on civil 
infrastructures. The performance of a traditional cantilever based energy harvester is studied 
under the excitation of bridge vibrations. From this study, two major issues of the energy 
harvesting in civil infrastructures are identified, namely the low excitation frequencies and large 
bandwidth of excitations. To improve the harvesting performance under low frequency 
vibrations, a multi-impact energy harvester is proposed and studied theoretically and 
experimentally.  A nonlinear energy harvester utilizing magnet levitation is also proposed and 
theoretically studied to improve the robustness of the energy harvester by increasing its working 
bandwidth. The following is a brief summary of the contents in each chapter. 
  
In chapter 2, the fundamentals of a distributed parameter beam model and piezoelectric 
material model are introduced. The distributed-parameter electromechanical model of a 
piezoelectric composite beam is first derived. Based on the basic model, then the models of 
bimorph piezoelectric cantilever energy harvester, single layer piezoelectric cantilever energy 
harvester, and doubly clamped piezoelectric beam energy harvester are built. The deductions of 
the various models provide an insightful view of the different harvesters and are used in the 
design and simulation of the proposed harvesters in the following chapters.  
 
In chapter 3, the performance of a piezoelectric cantilever based harvester is studied 
under the excitation of bridge vibrations. The energy output power of the harvester is simulated 
using the distributed-parameter model. Four concrete slab-on-girder bridges that represent the 
majority of the bridges in US are used as the platforms for the feasibility study of energy 
harvesting. A 3-D model of the bridges are built using ANSYS and their vibrations are simulated 
by using a MATLAB program named BIRDS-BVI (laboratory of Bridge Innovative Research 
and Dynamics of Structures-Bridge Vehicle Interaction). Two different scenarios are modeled, 
with the first one considering only one passing vehicle and the other one considering a 




parameters such as road roughness condition, span length, harvester position, and vehicle speed, 
etc. 
 
In chapter 4, a multi-impact energy harvester is proposed to improve the low frequency 
performance of energy harvesting. The efficiency of energy harvesting is defined and the impact 
mechanism is introduced. A theoretical model of the multi-impact energy harvester is built based 
on the distributed-parameter electromechanical model. With the model, the energy harvesting 
output power is predicted for the harvester under sinusoidal excitations. A parametric study is 
presented in this chapter considering different external resistances, hung masses, cantilever beam 
thicknesses, and excitation frequencies. Comparisons with a conventional cantilever beam based 
harvester and a single impact harvester are also conducted.  
 
Based on the theoretical study of the multi-impact harvester, an experimental study of the 
harvester is presented in Chapter 5. The laboratorial harvester is designed and built using steel 
and aluminum for demonstrating the multi-impact harvester and testing its performance.  
Sinusoidal vibrations and simulated bridge vibrations generated by a shake table are used as the 
excitations for the harvester. Different parameters and conditions such as external resistance and 
excitation frequency are used in the test. A traditional cantilever piezoelectric harvester is also 
made for a performance comparison.    
 
In Chapter 6, a nonlinear energy harvester is proposed utilizing the magnet levitation 
mechanism. The harvester is basically a multi-impact energy harvester but has a lager bandwidth 
due to the nonlinearity of its stiffness. The nonlinearity introduced by the magnet levitation is 
introduced and modeled in this chapter. The energy harvesting performance is simulated based 
on the distributed-parameter electromechanical model. Sinusoidal vibrations and bridge 
vibrations are used as the excitations for the simulation.  
 
Finally, Chapter 7 concludes the whole dissertation and discusses the possible future 
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CHAPTER 2. DISTRIBUTED PARAMETER MODEL FOR                                      
                            PIEZOELECTRIC BEAM BASED HARVESTERS 
 
The piezoelectric based energy harvester is an electrometrical dynamic system.  The 
vibration and the generated electrical field of the system have mutual effects on each other. It is 
very important to build an accurate and efficient model for the system, with which the prediction, 
design and applications of the piezoelectric based energy harvesting can be improved. A lot of 
research has been done in the last decade for the modeling. Lu [1] proposed a model based on the 
linear piezoelectric theory and beam theory to predict the vibration of the composite beams and 
its energy output. Henry [2] proposed a model based on energy conservation for the piezoelectric 
composite beams. Erturk [3] proposed a distributed-parameter electromechanical model for a 
bimorph piezoelectric cantilever beam. Among them, the distributed-parameter model is a recent 
developed one with a full consideration of the electromechanical coupling effect and is used in 
the current study. Detailed information about the model assumptions, theoretical derivations, and 
its applications for different harvester formations are presented in the following sections.    
 
2.1 Fundamentals of distributed parameter beam model 
  
The model of piezoelectric composite beams for the present study is based on the Euler-
Bernoulli beam theory [4]. From compatibility, the strain on an arbitrary point of a bended beam 




                                                                    (2-1) 
 
where,  ε  is the strain in the longitudinal direction of the beam, y is the distance from the point 
of interest to the neutral axis of the beam and ρ is the radius of curvature.  
 
The relationship between the external bending moment and the longitudinal stress on any 
cross-section of the beam can be obtained from equilibrium: 
 
M σ ydA                                                                (2-2) 
 
where,  M is the external moment applied on the beam, σ  is the stress on the beam and A is the 
area of the cross-section.  
 








                                                                              (2-4) 
 















EI                                            (2-5) 
 
where, I y dA is the second moment of the area. 
 
Figure 2-1 shows a differential element on the beam under dynamic loading. Summing all 
forces acting vertically leads to the 1st dynamic equilibrium relationship: 
 
V x, t P x, t dx V x, t , dx f x, t dx 0                              (2-6) 
 
where,  V x, t  is the vertical force acting on the cut section,  f x, t dx m x dx ,  is the 
resultant transverse inertial force, m x  is the mass per unit length, w x, t  is the transverse 
displacement of the beam, and  P x, t dx is the external vertical force. 
 
Summing the moment about point A on the elastic axis leads to the second equilibrium 
equation: 
M x, t V x, t dx M x, t , dx 0                                       (2-7) 
 
From Eq. (2-6) and Eq. (2-7) we have: 
 
, m x , p x, t                                                   (2-8) 
 
Substituting Eq. (2-5) into Eq. (8) leads to: 
 
EI , m x , p x, t                                             (2-9) 
 
 
Figure 2-1. A differential element on the beam under dynamic loading [6] 
 
Viscous damping can be also included in the equation. There are two kinds of viscous 




f x, t dx c x , dx                                                     (2-10) 
 
The second one is the internal resistance opposing the strain velocity (Rayleigh damping). 
In current study, the damping force is assumed to be in proportion to the strain velocity, and Eq. 
(2-3) can be rewritten as: 
 
σ E ϵ a ϵ                                                                 (2-11) 
 
Based on Euler-Bernoulli hypothesis, Eq. (2-5) can be rewritten as: 
 
M x, t EI x w′′ x, t a w′′ x, t                                           (2-12) 
 
With viscous damping, Eq. (2-9) can be rewritten as [6]: 
 
EI , C I , m , C , p x, t                          (2-13) 
 
where,  C  is the strain rate damping coefficient, m is the mass per unit length and C  is viscous 
air damping coefficient.  
 
Considering the following relationship： 
 
w x, t w x, t w x, t                                                   (2-14) 
 
where,  w x, t  is the base displacement and w x, t  is the relevant displacement, Eq. (2-13) 
is rewritten as: 
 
EI , C I , C , m , p x, t m , C ,     
(2-15) 
 
The relevant displacement of the beam can be presented by a series of eigenfunctions: 
 
w x, t ∑ ϕ∞ x η t                                                       (2-16) 
 
where, ϕ x  is the mass normalized eigenfunction of the r-th vibration mode, and η t ) is the 
modal general coordinate.  
 
The mass normalized form satisfies the following orthogonality relationships: 
 
m ϕ x ϕ x dx δ                                                      (2-17) 
 
EI ϕ x ϕ
ϕ







0, r s  is the Kronecker delta, and ω  is the r-th modal frequency.  
 
Integrating Eq. (2-15) and considering the orthogonality conditions, we have: 
 
Equation 2 15 ϕ x dx η t ω ω
η η
f t            (2-19) 
 
Where f t   is the integral of the right side of Eq. (2-15) as: 
 
f t p x, t ϕ x dx mϕ x , dx C , ϕ x dx           (2-20) 
 
2.2 Fundamentals of piezoelectric material modeling   
     
The word “piezoelectricity” comes from Greek and means “electricity by pressure” 
(Piezo means pressure in Greek) [7]. As its name indicates, piezoelectricity is the ability of some 
materials (notably crystal and certain ceramic, including bone) to generate an electric potential in 
response to applied mechanical stress. The phenomenon was first observed by the Pierre and 
Jacques Curie brothers in 1880 [8] and the word “Piezoelectricity” was first used by Hankel [9] 
in 1881. 
 
The direct piezoelectric effect is the effect that the material produces electricity when 
stress is applied. A simple molecular model can show the effect in an easy way. Before subjected 
to an external stress, the molecular is electrically neutral since the gravity centers of positive and 
negative charges coincide and cancel each other (Figure 2-2 a). When exerting some pressure on 
the material, its internal reticular structure can be deformed, causing the separation of the 
positive and negative gravity centers of the molecules and generating little dipoles (Figure 2-2 b). 
The facing poles inside the material are mutually cancelled and a distribution of a linked charge 
appears in the material’s surfaces (Figure 2-2 c). That is to say, the material is polarized. This 
polarization generates an electric field and can be used to transform the mechanical energy used 
in the material’s deformation into electrical energy (Figure 2-2 d) [7]. 
  
                            (a)                         (b)                         (c)                               (d)  
 





There are two ways to express the constitutive equations for the piezoelectric effect: one 
is by piezoelectric strain coefficient and another one is by piezoelectric stress constant.  
 
2.2.1 Constitution equation using piezoelectric strain coefficient 
     
The constitutive equations of the piezoelectric material using piezoelectric strain 
coefficient are as follows: 
 
  Direct piezoelectric effect 
     Inverse piezoelectric effect                                   (2-21) 
 
where,  is the electrical displacement,  is the strain,   is the compliance,  is the stress,  is 
the electrical field,  is the piezoelectric strain coefficient (also is the Charge output coefficient) 
and    is permittivity (dielectric constant).  
 
As shown in Figure 2-3, Eq. (2-21) can be rewritten in the matrix form as follows: 
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                       (2-22) 
 
where,  ε , ε  and ε  are the normal strain; , , and  are the shear strain.  
 
 
Figure 2-3. Poling direction of piezoelectric material 
 
Usually, only part of the Eq. (2-22) is used in a simulation. For example, for piezoelectric 
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For piezoelectricity actuator, its operation principle can be summarized by the following 
equation: 
 
11 12 131 1 31
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where,  is the thermal coefficient of expansion and Δ  is temperature change.  
 
2.2.2 Constitutive equation using piezoelectric stress constant 
     
The constitutive equation of the piezoelectric material using piezoelectric stress constant 
is as follows: 
        Direct piezoelectric effect 
                                                Inverse piezoelectric effect                              (2-25) 
 
where, D is the electrical displacement,  is the strain, C is the stiffness,   is the stress,  is the 
electrical field,   is the piezoelectric stress constant,  is the permittivity (dielectric constant).  
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In a piezoelectric based harvester, the thickness of a piezoelectric layer is usually much 
smaller than its width and length. The strain of the layer in directions 2 and 3 are both assumed 
to be zero. Therefore, the constitutive Eq. (2-26) is simplified as: 
 
D e ε ε E                                                          (2-27) 
 
Eq. (2-27) is used for the modeling of the piezoelectric based energy harvesting in the present 
study.  
 
2.3 Model of bimorph piezoelectric cantilever energy harvester  
 
As shown in Figure 2-4, two piezoelectric patches are attached on the cantilever beam 
and one proof mass is placed at the beam tip. The polling directions of the piezoelectric patches 
are also illustrated in the figure. Coupled with piezoelectric patches and proof mass, the 
distributed parameter equation of the cantilever is:  
 
, C I , C , m , p x, t m M δ x L ,
C ,                                                                                                                                    (2-28)    
                        
Where,  M x, t  is the internal bending moment of the cantilever, M  is the proof mass and δ x  
is the Dirac delta function.  
 
Since the cantilever is a piezoelectric composite beam as shown in Figure 2.4, the internal 
bending moment term in Equation (21) is the first moment of axial strain over its cross-section: 
 






/                        (2-29) 
 
Where b is the width of the cantilever, S  is the thickness of the substructure layer, S  is the 
thickness of the piezoelectric layer, and σ and σ  are the axial stress components in the 
piezoelectric and the substructure layers, respectively.  
 
For the piezoelectric layer and substructure layer, their stress components can be 
formulized as follows: 
 
σ E ε  ,  σ E ε e E                                            (2-30) 
 
Where E  is the elastic modulus of the substructure layer,  E  is the elastic modulus of the 
piezoelectric layer, ε  is the strain of the substructure layer in the x direction (1-direction),  ε  is 
the strain of the piezoelectric layer in the x direction (1-direction), e  is the piezoelectric stress 
constant and E  is the electric field component in the 3-drection.  
 
For the composite cantilever, the x-direction strain of a position (x) at a certain level (y) 




ε y ,                                                              (2-31) 
 
Since the two piezoelectric layers are assumed to be identical, voltage across the 
electrodes of each piezoelectric layer is V t /2 . The instantaneous electric fields in the 
piezoelectric layers are: 
 
E t V t /2S                                                          (2-32) 
 
Because Eq. (2-32) is a function of time only, electric parts in Eq. (2-29) should be 
multiplied by H x H x L 	 before substituted into Eq. (28). 
where H x  is the Heaviside function H x
0, x 0




Figure 2-4. Energy harvester with bimorph piezoelectric cantilever beam 
 
Substituting Eq. (2-32), Eq. (2-31) and Eq. (2-30) into Eq. (2-29), the internal bending 
moment term can be rewritten as: 
 
M x, t E I , ϑV t H x H x L                                  (2-33) 
 
Where ϑ is the coefficients of the backward coupling term: 
 





E I is the bending stiffness term of the composite cross section for the piezoelectric cantilever: 
 
E I E E S                                            (2-35) 
 
Therefore, distributed parameter equation of the piezoelectric cantilever Eq. (28) can be 
rewritten as: 
 
E I , C I , C , m , ϑV t δ δ p x, t
m M δ x L , C ,                                                                                 (2-36) 
 
It is noteworthy that the derivation of the Heaviside function is the Dirac delta function: 
 
δ x                                                                  (2-37) 
 
Similarly, the relevant displacement of the beam w x, t  can be presented by a series of 
eigenfunctions as shown in Eq. (2-16).  Substituting Eq. (2-16) into Eq. (2-36) and applying the 
orthogonality conditions, the governing equation of the piezoelectric cantilever beam can be 





ω η t χ V t f t                                     (2-38) 
 
where ω  is the undamped natural angular frequency for the r-th mode: 
 
 ω λ                                                                  (2-39) 
 
	λ  is the eigenvalues of the cantilever beam system, ζ  is the modal mechanical damping ratio 
that includes the combined effects of strain-rate and air damping, the 	χ  is the modal 






                                    (2-40) 
 
and f t  is the modal mechanical forcing. 
 
From linear piezoelectric theory, the direct piezoelectric effect of a piezoelectric patch 
can be described by Eq. (2-27). The coordinate system and polling direction used in the present 
study are the same as the ones shown in Figure 2-4. 
 
The charge collected on the electrode surface of the piezoelectric patches can be 
expressed as the electric displacement integral on the area of the surface. Based on the elastic 
beam theory and ignoring the axial deformation, the bending induced strain in the x direction of 




assuming a uniform electric field within both the piezoelectric layers as shown in Figure 2.4, the 




y 31 33 3 31 3320 0
31 33 31 33
1x=L x=L
w( , ) t
( ) h b
2s










Q D dA b e E dx b e dx L
x
S S dx t V V















（ ） （ ）
（ ）
           (2-41) 
 
where s  is the thickness of the piezoelectric layer,	s  is the thickness of the substructure layer, h 
is the distance between the center of the piezoelectric layer and the neutral axis of the composite 
beam which is equal to s s /2 , V(t) is the electric field on the piezoelectric patch, and A, b, 
and L is the area, width, and length of the piezoelectric patch, respectively.  
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By setting C ε   , and θ
ϕ




0                                                 (2-43) 
 
Solving Eq. (2-38) and Eq. (2-43) together, the vibration and voltage output of the 
piezoelectric cantilever can be obtained.  
 
2.4 Model of single layer piezoelectric cantilever energy harvester 
 
Figure 2-5 is a schematic plot of an energy harvester with single piezoelectric layer 
cantilever. When the frequency of an external excitation is comparatively low, the stiffness of the 
piezoelectric cantilever beam needs to be decreased in order to lower its natural frequency which 
is required to match the external excitation. In this case, bimorph piezoelectric composite beams 
may be too stiff while the harvester with a single piezoelectric layer cantilever can be the option.  
 
The vibration of the single layer piezoelectric cantilever beam can be described by Eq. 
(2-28). The internal bending moment term in Equation (28) is the first moment of axial strain 
over its cross-section: 
 













Where ϑ is the coefficients of the backward coupling term: 
 
ϑ                                                                    (2-45) 
 
E I is the bending stiffness term of the composite cross section for the piezoelectric cantilever: 
 




Figure 2-5. Energy harvester with single piezoelectric layer cantilever 
 









                                  (2-47) 
 
Where ω  is the undamped natural angular frequency for r-th mode ω λ  , λ  is the 
eigenvalues of the cantilever beam system, ζ  is modal mechanical damping ratio that includes 
the combined effects of strain-rate and air damping,	χ  is the modal electromechanical coupling 
term: 
 
  χ ϑ
ϕ
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2.5 Model of doubly clamped piezoelectric beam energy harvester 
     
Figure 2-6 shows a harvester with a doubly clamped bimorph piezoelectric beam. In the 
center of the beam, there is a bulge where external force f t  is applied. Since the bulge is small, 
it is assumed that no proof mass is attached on the beam. Also, the viscous air damping is 
assumed to be negligible. Therefore, its equation of motion can be obtained as follows: 
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Figure 2-6. Energy harvester with double clamped bimorph piezoelectric beam 
 
The boundary conditions are: 
 
w x, t | 0, w x, t | 0 , , 0 , , 0           (2-52) 
 
The vibration of the beam relative to the base can be represented as a series of 
eigenfunctions as: 
 





Where η t  are the modal general coordinates (modal amplitudes),  ϕ x  are the mass 
normalized eigenfunctions (normal modes) of the corresponding undamped free vibration 
problem: 
 
E I , m , 0                                                 (2-54) 
 
Eq. (54) can be rewritten in the modal coordinate as follows: 
 
ϕ x η t ϕ x η t 0                                                (2-55) 
 






a                                                       (2-56) 
 
Eq. (56) yields two ordinary differential equations: 
 
η t ω η t 0                                                           (2-57) 
 
ϕ x a ϕ x 0                                                          (2-58) 
 
where, ω  is the r-th undamped natural frequency and can be formulized by the following 
equation: 
ω                                                                      (2-59) 
 
E I can be obtained from Eq. (35). 
 
The solution for Eq. (2-58) can be represented as: 
 
ϕ x A cosax A sinax A coshax A sinhax                             (2-60) 
 
From the boundary conditions in Eq. (2-52), we have: 
 
ϕ 0 ϕ L 0 , ϕ 0 ϕ L 0                                            (2-61) 
 
Substituting Eq. (2-60) into Eq. (2-61), one can obtain that: 
 
 cos aL cosh al 1                                                         (2-62) 
 
 A A A  , A A                                      (2-63) 
 





The circular frequencies are rewritten as:  
 
ω aL                     r 1,2,3….                                     (2-64) 
 
The corresponding normal modes are: 
 
ϕ x A cos ax coh ax sin ax Sinh aL            (2-65) 
 




                                                                  (2-66) 
 






ω η t χ V t
f t ϕ x δ x L/2 dx ϕ x m , dx f t ϕ ma t ϕ x dx          (2-67) 
 
Since the length of bulge is small compared with the ones of piezoelectric patches, it is 
reasonable to assume that the interval length between the two adjacent patches is negligible 
which means x x . Therefore, we have: 
 
χ ϑ
ϕ ϕ ϕ ϕ 0                     (2-68) 
 
Eq. (2-68) indicates that the inverse piezoelectric effect from piezoelectric layers has no 
influence on the vibration of the doubly clamped beam. 
 





ω η t f t ϕ ma t ϕ x dx                    (2-69) 
 
Where a t  is the base acceleration, ω  is the undamped natural frequency of the r-th mode and 
its value can be obtained from Eq. (2-64), f t  is the external force applied on the center of the 




                                                                     (2-70) 
 












With Eq. (2-69) and Eq. (2-71), the vibration and electric output power for the doubly 
clamped beam can be obtained.  
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CHAPTER 3. PIEZOELECTRIC-BASED ENERGY HARVESTING  
                                                     IN BRIDGE SYSTEMS 
 
3.1 Introduction  
 
Bridges are crucial parts in a ground transportation system. Their failures can cause 
tremendous economic and life loss. However, 23.78% of the 605086 bridges in the United States 
are estimated as either structurally deficient or functionally obsolete based on the 2011 data from 
the Federal Highway Administration (FHWA) [1]. To reduce the risk of deficient bridges, 
structural health monitoring system has been developed and widely used in the last decade that 
provides surveillance, evaluation and assessment for existing or newly built bridges [2], [3]. As 
an advanced way of structural health monitoring, wireless sensor network has gained 
considerable attention recently. It has many advantages over traditional wired systems, including 
lower cost, ease of installation and maintenance, and ability to be applied to existing bridge 
infrastructure. [4] However, the power supply for wireless sensor network limits its application 
and development. As a sustainable power source, energy harvesting provides a promising way to 
supply power for sensor network, while its application on bridge system has been seldom studied. 
To optimize the performance of energy harvesting on bridge systems, vibration-based energy 
harvesting is studied for various bridges under different conditions in this paper.  
     
For harvesting energy from bridge vibrations, there are mainly three different kinds of 
mechanisms: electromagnetic, piezoelectric, and electrostatic. Among the three, piezoelectric-
based energy harvesting is the most mature method and has been widely used and intensively 
studied. Most of the piezoelectric energy harvesting has the form of a cantilever beam which 
gives the harvester the advantage of high energy density, simple mechanism, and good reliability. 
In this paper, the study of energy harvesting is focused on a piezoelectric cantilever based 
harvester.  
     
There has been some reported research on the performance of the piezoelectric energy 
harvester in civil infrastructure in the last decade. Elvin et al. [5] studied the feasibility of energy 
harvesting for powering a structural health monitoring system. Piezoelectric cantilever based 
harvesters were used for simulation and their energy outputs in different bridge and building 
structures were obtained under various loading conditions. Kima et al. [6] experimentally 
examined the piezoelectric effect on various loading conditions for the possibility of harvesting 
energy from bridges. Piezoelectric patches were attached on a steel beam-slab type bridge 
specimen and were tested under various structural responses corresponding to various traffic 
conditions. The experimental results were compared with numerical simulation results and 
indicated the energy output were largely affected by the strain increasing rate and peak strain in 
the piezoelectric patches. Erturk [7] formulated the problem of piezoelectric energy harvesting 
on bridge system that includes the harvesting from bridge vibration excited by moving loads and 
from the bridge surface strain fluctuations. Both piezoelectric cantilever and piezoelectric patch 
were modeled and a case study was also given for the attached piezoelectric patch on a bridge. 
Ali et al. [8] studied the energy output from piezoelectric energy harvesting in highway bridges. 
A 2-D bridge model with a moving point load was investigated and a linear single-degree-of-
freedom model was used for the piezoelectric energy harvester.  




All the aforementioned studies simplified the bridge system to a 2-D simply supported 
beam with moving point load. These simplifications facilitate the calculation of energy output 
from harvesters, but may lead to impractical or misleading conclusions. Also, piezoelectric 
cantilever, as the most widely used harvester formation, has not been comprehensively studied 
regarding its performance on bridge systems that typically have low vibration frequencies. The 
aims of this paper are to provide a method that can accurately model the harvester-bridge system 
and to provide guidance for the design and operation of the harvester on bridge systems by 
studying its performance under various bridge conditions and loading conditions.    
    
3.2 Bridge–vehicle system modeling 
 
3.2.1 Bridge model  
 
More than 40% of all the bridges in the United States are stringer/multi-girder bridges 
and 57.9% of them have a simple structure formation of the so-called “slab-on-girder bridge”. [1] 
To represent the majority of concrete slab-on-girder bridges in the US, four typical pre-stressed 
concrete girder bridges with span lengths ranging from 16.76 m (55 ft) to 39.62 m (130 ft) were 
used for energy harvesting simulation in this paper. [9] All four bridges were designed according 
to the AASHTO standard specifications and each bridge consists of five identical girders with 
girder spacing of 2.13 m (7 ft) that are simply supported. The roadway width and bridge deck 
thickness for the bridges are 9.75 m (32 ft) and 0.20 m (8 in), respectively. The energy harvesters 
are located at the positions of 1/4, 1/2 and 3/4 span length on each girder as shown in Figure 3-1. 
To obtain bridge properties such as natural frequencies and vibration modes, the four bridges 
were modeled using solid elements with the ANSYS program and detailed properties of the four 
bridges are shown in Table 3-1. 
     
The equation of motion for a bridge can be written as follows: 
 
M d C d K d F                                           (3-1) 
 
where M , C , and K are the mass, damping, and stiffness matrices of the bridge, 
respectively; d  is the displacement vector of the bridge; and F  is the vector of the wheel-
road contact forces acting on the bridge.  
 
With the modal superposition technique, the displacement vector of the bridge {d } in Eq. 
(3-1) can be expressed as: 
 
d Φ 	 Φ …… Φ ξ 	ξ …… ξ Φ ξ                             (3-2) 
 
where m is the total number of modes used for the bridge under consideration; Φ and ξ  are the 







Figure 3-1.Model of bridge and harvester positions 
     
Each mode shape is normalized and the damping matrix C  is assumed to be equal to 
2ω η [M ], where ω  and η  are the resonant frequency and damping for the i-th mode of the 
bridge. Therefore, Eq. (3-1) can be rewritten as: 
 
I ξ 2ω η ξ ω I ξ Φ F                                       (3-3) 
 


























1 16.76 6.581 II 0.238 2.122 1 
2 24.38 4.598 III 0.361 5.219 1 
3 32.00 3.203 IV 0.509 10.853 2 
4 39.62 2.664 V 0.753 32.859 2 
 
3.2.2 Vehicle model 
 
The vibrations of bridges are usually excited by the passing-by vehicles, wind, and even 




daily operation and the vibration caused by wind is very small on slab-on-girder bridges, only 
vehicle loadings are considered in the present study. According to AASHTO bridge design 
specifications, a major design vehicle AASHTO HS20-44 truck is used for the vehicle loading 
for the four bridges. The analytical model for this truck is illustrated in Figure 3-2, and the 
properties of the truck are shown in Table 3-2. [10] 
  
 
Figure 3-2. Analytical model of the HS20-44 truck [10] 
 
Table 3-2. Major parameters of vehicle (HS20) [10] 
 
Mass of truck body 1 2612 (kg) 
Pitching moment of inertia of truck body1 2022 (kg.m2) 
Rolling moment of inertia of tuck body 1 8544 (kg.m2) 
Mass of truck body 2 26113 (kg) 
Pitching moment of inertia of truck body2 33153 (kg.m2) 
Rolling moment of inertia of tuck body 2 181216 (kg.m2) 
Mass of the first axle suspension 490 (kg) 
Upper spring stiffness of the first axle 242604 (N/m) 
Upper damper coefficient of the first axle 2190 (N.s/m) 
Lower spring stiffness of the first axle 875082 (N/m) 
Lower damper coefficient of the first axle 2000 (N.s/m) 
Mass of the second axle suspension 808 (kg) 
Upper spring stiffness of the second axle 1903172 (N/m) 
Upper damper coefficient of the second axle 7882 (N.s/m) 
Lower spring stiffness of the second axle 3503307 (N/m) 
Lower damper coefficient of the second axle 2000 (N.s/m) 
Mass of the third axle suspension 653 (kg) 
Upper spring stiffness of the third axle 1969034 (N/m) 
Upper damper coefficient of the third axle 7182 (N.s/m) 
Lower spring stiffness of the third axle 3507429 (N/m) 
Lower damper coefficient of the third axle 2000 (N.s/m) 
L1 1.698 (m) 
L2 2.569 (m) 
L3 1.984 (m) 
L4 2.283 (m) 
L5 2.215 (m) 
L6 2.338 (m) 




The equation of motion for a vehicle on the ground can be expressed as follows: 
 
M d C d K d F F                                   (3-4) 
 
where 	 M , 	 C , and K  are the mass, damping, and stiffness matrices of the vehicle, 
respectively; d  is the displacement vector of the vehicle; F  is the gravity force vector of the 
vehicle; and F  is the vector of the wheel-road contact forces acting on the vehicle. 
 
3.2.3  Vehicle-bridge coupled system 
 
To assemble the vehicle and bridge model into a coupled system, the vehicle wheels are 
assumed to be in contact with the bridge all the time. At any contact point, the relationship 
among the vertical displacement of vehicle body d , bridge deflection at the contact 
pointd , deformation of vehicle spring∆ , and road surface profile r X  can be obtained: 
[11] 
 
∆ d d r X                                           (3-5) 
     
For the road surface profile r X , it is usually assumed to be a zero-mean stationary 
Gaussian random process and can be generated through an inverse Fourier transformation based 
on a power spectral density (PSD) function as: [12] 
 
r X ∑ 2φ n ∆n cos	 2n X θ                                     (3-6) 
 
where θ  is the random phase angle uniformly distributed from 0 to 2; φ is the PSD function 
(m /cycle) for the road surface elevation; and n  is the wave number (cycle/m).  
 
In the present study, the following PSD function [13] was used: 
 
φ n φ n  n n                                          (3-7) 
 
where n is the spatial frequency (cycle/m); n  is the discontinuity frequency of 1/2 (cycle/m); 
φ n  is the roughness coefficient (m /cycle) whose value is chosen depending on the road 
condition; and n  and n  are the lower and upper cut-off frequencies, respectively.  
 
The International Organization for Standardization [14] has proposed a road roughness 
classification index from A (very good) to H (very poor). According to ISO specifications, the 
value of 5 10 , 20 10 , 80 10 , 256 10  and 1280 10  regarding to the 
different road roughness index from A to H are used as the roughness coefficient φ n , in 
equation (3-7). 
     
At the contact point, the interaction forces acting on the bridge F  and the reaction 
forces acting on the vehicles F are equal: 
 




For the vehicle model, the reaction forces are expressed as follow: 
F K ∆ C ∆                                               (3-9) 
and Eq. (3-4) can be rewritten as:  
 M d F F                                                    (3-10) 
     
For the bridge model, the interaction forces acting on the bridge F  equals to {F } in 
Eqs. (3-1) and (3-3).  
     
With the displacement relationship (Eq. (3-5)) and the interaction force relationship (Eq. 
(3-9)) at the contact points, the vehicle-bridge coupled system can be formulated by combining 















F F                         
(3-11) 
 
where C ,C ,C ,K ,K ,K and F are due to the wheel-road contact forces. All the 
terms listed above are time-dependent terms which changes with the shift of the contact point 
positions as well as the values of the contact forces. 
 
















                                            (3-12) 
     
A MATLAB program named BIRDS-BVI (laboratory of Bridge Innovative Research and 
Dynamics of Structures-Bridge Vehicle Interaction) was developed to establish the vehicle-
bridge coupled system in Eq. (3-12) and is solved using the fourth-order Runge-Kutta method in 
the time domain. The modal information of the bridge is solved using finite element program 
ANSYS and then imported to the MATLAB before assembling the equations. 
 
3.3 Piezoelectric cantilever beam harvester model 
 
For piezoelectric energy harvesting, a composite cantilever beam is the most common 
way for accumulating vibration energy from host structure. By attaching one or two piezoelectric 
patches to the beam, the dynamic bending strain induced by the vibration of the beam can 
generate electric potential difference in the piezoelectric patch which can be obtained as electric 
energy. Typically, the natural frequency of the cantilever beam was tuned to the natural 
frequency of the host structure. Considering the low natural frequency of bridge structures, a 
cantilever with a single piezoelectric layer is used for the energy harvester in the present study to 
reduce the stiffness of the cantilever beam and therefore the fundamental natural frequency of the 
harvester. The positions of the harvesters are shown in Figure 3-1. 




For the modeling of the piezoelectric cantilever beam harvester, several different models 
have been proposed [15], [16], [17]. Among the proposed models, the distributed-parameter 
model [16] is a recent developed model with a full consideration of the electromechanical 
coupling effect for dynamic systems. This model is therefore used in this study. 
      
As shown in Figure 3-3, the harvester consists of a composite cantilever beam made of 
one piezoelectric layer and substructure, a proof mass on the tip of the cantilever beam, and an 
external circuit with changeable resistance. The x-y coordinate system and the polling directions 
of the piezoelectric patches are also shown in Fig. 3 and will be used in all the subsequent 
sections. The vibration and voltage output for the cantilever beam are described by Eqs. (3-13) to 
(3-14) in the following: 
 
     EI , c I , c , m ,  
ϑV t m M δ x L , c ,      (3-13) 
 
C ϑ , dx 0                                           (3-14) 
 
where EI is the bending stiffness of the whole composite cross section w x, t  is the transverse 
displacement of the beam (neutral axis) relative to its base at position x and time t, w x, t  is the 
transverse displacement of the base, c  is the viscous air damping coefficient, c  is the strain-rate 
damping coefficient, m is the mass per unit length, L is length of the beam, δ x  is the Dirac 
delta function, V(t) is the voltage in circuit, R is the external resistance, C is the internal 
capacitance of the piezoelectric layer, ? is coefficient of the backward coupling terms, and M  is 
the proof mass.   
 
For the piezoelectric cantilever beam as showed figure 3-3, its bending stiffness can be 
formulated as:  
EI E s s E s s                                        (3-15) 
 
where E  and E are the young’s modulus of the substructure and piezoelectric material 
separately; S  and s  are the thickness of the substructure and piezoelectric material separately. 
     
The vibration response relative to the base for the bimorph cantilever beam can be 
presented by a series of eigenfunctions: 
 
w x, t ∑ ϕ x η t                                                   (3-16) 
 
where ϕ x  is the mass normalized eigenfunction of the rth vibration mode, and η t  is the 
modal general coordinate.  
     
By applying the orthogonality conditions of the eigenfunctions and ignoring the viscous 
air damping, the equation of motion in the modal coordinates can be obtained.                        




2ω ζ η t ω θ V t m ϕ x dx M L a t   (3-17) 
  
C ∑ θ 0                                        (3-18)      
 
where ω  is the undamped natural angular frequency, ω λ ，and λ  is the eigenvalues of 
the cantilever beam system. ζ  is the strain-rate damping ratio and θ  is the modal 
electromechanical coupling term. For the cantilever beam with a single piezoelectric layer: 
 
θ e bs ;                                           (3-19) 
 
C  ;                                                           (3-20) 
 
ϑ e .                                                       (3-21) 
 
where b is the width of the piezoelectric layer,	s  is the thickness of the piezoelectric layer,	s  is 
the thickness of the substructure, s  is the distance between the center of piezoelectric layer and 
the neutral axis of the composite beams , e  is the piezoelectric constant in the 31 
coupling direction and ε  is the dielectric constant.  
                                                 
 
Figure 3-3. Piezoelectric cantilever beam model 
 
For a harmonic base acceleration a t , the analytical solution can be obtained by solving 
Eqs. (3-17) and (3-18). Then, the vibration as well as the energy output of the harvester can be 




with which no analytical solution is obtainable. To solve the problem, a numerical method is 
used to find an approximate solution. There are unlimited modes for the vibration of the 
cantilever beam, in this simulation only the first three modes are considered since they are 
sufficient to capture the main vibration characteristics of the beam. MATLAB ODE method is 
used to obtain the approximate solution.  
 
3.4 Energy harvesting for bridges with one vehicle passing through 
 
This section analyzes the energy harvesting for bridges when only one vehicle passes 
through the bridge. The vehicle and four different bridges as described in section 2 are used. 
Seven different vehicle speeds ranging from 30 km/h (18.75 mph) to 120 km/h (75 mph) with 
interval of 15 km/h were used. Five road surface conditions: ‘very poor’, ‘poor’, ‘average’, ‘good’ 
and ‘very good’ are used for the bridge pavement. [14]  
     
The parameters of the piezoelectric cantilever–based harvesters are listed in Table 3-3. 
The piezoelectric patch P-876.A12 from PI Company is used for the harvester. The dimensions 
of the cantilever beam are chosen to match the patch size. For the fairness of comparison among 
the harvesters, all the parameters except the stiffness of the substructure are kept the same for all 
the energy harvesters studied in this article. By adjusting the stiffness of the substructure, the 
fundamental natural frequency of the harvester is tuned correspondingly to the dominant 
vibration frequency of a host bridge. The dominant frequency of the bridge is defined as the 
vibration frequency of the bridge with the largest amplitude in the frequency domain spectrum. It 
should be noted that the dominant vibration frequency of the bridge is not necessarily the same 
as the fundamental natural frequency of the bridge (Table 3-1) although they are identical in 
many cases. 
 
Figure 3-4 shows the dominant vibration frequencies of the bridges with different road 
conditions and with passing vehicles at different speeds. For a dynamic system, it is true that its 
fundamental vibration mode is easier to be triggered than other vibration modes. However, as 
shown in Figure 3-4, the dominant vibration frequencies do not always coincide with the 
fundamental natural frequencies of the four bridges. It can be found that the bridges are more 
likely to vibrate at a higher frequency with a poorer road condition and a higher vehicle speed. 
 
For the case with only one vehicle passing through the bridge, the simulation starts when 
the vehicle reaches the bridge and ends when the vehicle leaves the bridge. Therefore, there is a 
vehicle–bridge interaction all the time during the process. It is more like a forced vibration for 
the bridge through the simulation. During a forced vibration, the dynamic load frequency, which 
is the frequency of the contacting force between the bridge and the vehicle, is a crucial factor that 
determines the dominant vibration frequency of the bridge. When the dynamic load frequency is 
close to high natural frequency of the bridge, a high-order vibration mode is likely to be 
triggered. As a result, the dominant vibration frequency is not necessarily the fundamental 
natural frequency of the bridge. 
 
The main dynamic load frequency is affected by the product of the vehicle velocity and 
the cutoff values of the road roughness spatial frequency [18]. The spatial frequency is a measure 




repeat per unit distance. Therefore, the product of the vehicle velocity and the cutoff values of 
the road roughness spatial frequency, vn1 and vn2 (Eq. (3-7)), shows the repeating times of the 
sinusoidal components of the road surface profile during a unit time. Furthermore, the product 
indicates the frequency of impacting between the bridge and vehicle. With a higher speed, the 





Figure 3-4. Dominant vibration frequencies of bridges with one vehicle passing through 
 
Besides, the roughness of surface also influences the dominant vibration frequency of the 
bridges. The vibration of a bridge is very complicated and consists of a series of vibrations at 
different frequencies. As discussed earlier, the dominant frequency is determined by the 
vibration frequency of the bridge with the largest amplitude in the frequency domain spectrum. 
When the road condition is better, the impact force becomes smaller. Although it can still trigger 
high-mode vibration, the high-mode vibration contributes a smaller part in the entire vibration of 
the bridge. As a result, when the road condition becomes better, it is more likely that the 
dominant vibration frequency is determined by the fundamental vibration mode rather than the 
high vibration mode triggered by the impact force. 
 
Figure 3-5 shows the average harvesting output power from the harvester located at the 
1/2 span position of girder 1 with only one vehicle passing through the bridge. The average 
energy output power is defined as the time average power through the load resistor R during the 




found that a higher output power can be obtained at poorer road surface conditions. It can be 
explained by the fact that a poorer road condition causes a larger dynamic loading and therefore 
can input more energy into the bridge through the contacting force between the bridge and 
vehicle. However, not all the harvesters follow the same trend exactly. In Figure 3-5, the output 
power under a poorer road condition is not necessarily larger than the one under a better road 
condition with the same vehicle speed. For example, at a vehicle speed of 45km/h, the output 
power for the 32m long bridge under the “poor” road condition is larger than the output power 
for the “very poor” road condition. This disorder is caused by the sensitivity of the harvester to 
the excitation vibration frequency. The performance of the piezoelectric cantilever harvester 





Figure 3-5. Average output power from the harvester at the 1/2-span position of girder 1 
   
Since the damping of a piezoelectric cantilever harvester is usually minimized to reduce 
any energy lose, the bandwidth of the harvester is very small. When the fundamental natural 
frequency of the harvester matches the excitation vibration very well, the output power can 
increase dramatically. In contrast, the output power can be much lower with an unmatched 
resonant frequency. In the simulation, all the harvesters are tuned to the dominant vibration 
frequency of the bridge vibration. However, the vibration of a bridge is more-or-less random and 
a dominant frequency does not always obviously exist. For example, when the dominant 




concentrates on this dominant frequency vibration, the harvester can be easily tuned to match 
this dominant frequency and therefore provide a high output power. However, under vibrations 
without an obvious dominant frequency as shown in Figure 3-6(b), indicating the kinetic energy 
distributes more uniformly in the vibrations of different frequencies, the output power of the 
harvester is much lower even though the fundamental natural frequency of harvester matches the 
dominant vibration frequency.  
 
      
(a)                                                                     (b) 
 
Figure 3-6. Vertical accelerations in frequency domain 
 
From another perspective, it can be inferred that the robustness of the piezoelectric 
cantilever harvester can be a big issue for energy harvesting in bridge structures. Vibration with 
several peak frequencies as shown in Figure 3-6(b) is very common for a bridge structure. A 
harvester with a larger bandwidth can cover a wider frequency range and collect more kinetic 
energy from the vibration of a bridge. To improve the robustness of vibration-based energy 
harvesters, some studies have been done in recent years. Generally, there are three major ways 
for obtaining a lager bandwidth and improving the robustness: [19], [20], bi-stable vibration [21], 
[22], [23], [24] and multiple harvesters [25], [26], [27], respectively. 
 
A higher vehicle speed brings larger kinetic energy to the vehicle but not necessarily 
increase the harvesting output power. According to the theory of resonant speed for railway 
bridges [18], the largest dynamic loading is obtained at a peak speed which is usually not the 
highest speed. The details of the theory are discussed later. Also, with a higher vehicle speed, the 
dynamic loading has more peaks appearing at its high frequency range. The higher vehicle speed 
tends to generate a wider frequency band [10]. The wider frequency band of vibrations can 
dramatically decrease the harvesting output power of the harvester because the bandwidth of the 
piezoelectric cantilever based harvester is too small to efficiently cover a wide frequency range. 
Meanwhile, when the kinetic energy is decentralized among a series of vibrations with different 
frequencies, the energy in any single frequency vibration is small. Therefore, the harvesting 
output power does not increase necessarily as the vehicle speed increases. An optimum speed at 





To analyze the influence of the span length and harvester position on the energy 
harvesting performance, the energy output powers at the optimum vehicle speeds are 
summarized and plotted in Figure 3-7. The span length is fixed when the harvester position is 
analyzed, and correspondingly, the harvester position is fixed when the effect of the span length 
is analyzed. Since the truck passes the left side of the bridge which is close to girders 1 and 2, the 
dynamic loading decreases from girder 1 to girder 5. As a result, the harvesting output power 
drops in the same order, which can be found in Figure 3-7(a). From Figure 3-7(b), it is obvious 
that harvesters placed at the mid-span provide the highest harvesting output power. Not only the 
largest displacement but also the largest dynamic loading occurs at the mid-span, which give the 
harvester there the highest energy input. The harvesting output power decreases slightly with an 
increasing span length according to Figure 3-7(c), mainly due to the decrease of the bridge 
vibration frequency with a longer span length. From Figure 3-4, although higher vibration modes 
are triggered for all the four bridges, shorter bridges are more likely to vibrate at higher 
frequencies. The piezoelectric cantilever-based harvester benefits from the high frequency 
vibrations with which it has higher strain changing rate on the piezoelectric layer and therefore 
has better harvesting performance. 
 
 




Figure 3-7. Average output power for the bridges with one passing vehicle vs. (a) different 





3.5 Energy harvesting for bridges with continuous vehicles passing through  
 
To make it closer to the reality, simulations for the bridges with continuous passing 
vehicles are conducted. In the present study, the vehicles pass the bridges one after another with 
a constant time interval and identical speed.  
   
For the bridges with one passing vehicle, the bridges tend to vibrate at higher frequencies 
than their fundamental natural frequencies. However, with continuous passing vehicles, the 
dominant vibration frequencies of the bridges are determined by their fundamental natural 
frequency, which corresponds to their first symmetric bending mode. It can be seen from Figure 
3-8 that in most cases, the dominant frequencies of the four bridges are 6.5 Hz, 4.5Hz, 3.2Hz and 
2.6 Hz, respectively, which are exactly the same as their fundamental natural frequencies (Table 
3-1). Only several exceptions can be found for the poor or very poor road conditions with high 





Figure 3-8. Dominant vibration frequencies of the bridges with continuous passing vehicles 
 
In the previous section, the vibrations of the bridges with one passing vehicle are forced 




partially determined by the dynamic loading on them. However, the vibrations of bridges with 
continuous vehicles include not only the forced vibration part but also the free vibration part. 
Although higher order of vibration modes of the bridges may be excited when the vehicles are 
passing through them; without vehicles on them, the bridges tend to vibrate at their first vibration 
mode during the subsequent free vibration stage (Figure 3-9). Therefore, with a large part of free 
vibrations, the dominant vibration frequencies of the bridges are typically the same as their 
fundamental natural frequencies.  
 
 
Figure 3-9. Vertical acceleration in time domain 
 
Figure 3-10 shows the average harvesting output power from the harvesters located on 
the 1/2 span length of girder 1 with vehicles continuously passing through the bridges. Since 
most of the dominant vibration frequencies are the same for the bridge with a same span length, 
the effect of harvesting sensitivity to the vibration frequency is largely eliminated. The 
relationship between the road condition and output power as well as the one between the vehicle 
speed and output power become more obvious. It can be observed that the poorer road condition 
results in a higher harvesting output power, which is shown and discussed earlier.  
 
Optimum speeds for the maximum output power can also be observed from Figure 10. 
For the bridge with a 16.76m span length, a vehicle speed of 105 km/h gives the highest power 
for all road conditions except the condition of very poor. Besides, 75 km/h, 60km/h and 45km/h 
are the peak speeds for bridges with a span length of 24.38m, 32.00m, and 39.62m, respectively. 
The peak speed can be explained by the following equation:  
 
                          n f		 n 1, 2, 3… .                                                               (3-22)  
 
where v is the vehicle velocity, L  is the vehicle axle load spacing, and f is the fundamental 







Figure 3-10. Average output power from the harvester at 1/2-span position of girder 1 
 
Eq. (3-22) was originally used to explain the train resonant speed for railway bridges [18]. 
Theoretical and numerical studies on railway bridges have shown that when n times the 
frequency component due to a series of moving loads is equal to the natural frequency of a 
bridge, the resonant effect will occur.  
   
Substituting the bridge fundamental frequencies in Table 3-1 and HS20 truck load axle 
spacing of 4.26 m into Equation (3-22), the calculated peak vehicle speeds are 101km/h, 71km/h, 
49km/h and 41km/h for the bridges with a span length of 16.76m, 24.38m, 32.00m and 39.62m, 
respectively. The results match well the peak speeds observed from Figure10. This consistency 
can be explained by the theory of resonant speed for railway bridges. Although the number of 
axle loads of the truck is much less than that of a train, the multi-axle truck loads can still be 
considered as repeated loads on short bridges. When the vehicle reaches the bridge, the first axle 
load impacts the bridge and then the second axle load repeats the impacting. When the load 
repeating frequency matches the fundamental natural frequency of the bridge, resonant vibration 
may be triggered for the bridge-vehicle system and therefore produces much higher vibration 





Figure 3-11 shows the effect of the harvester position and span length on the harvesting 
output power. A same trend can be found as discussed earlier in Figure 7. It should be noted that 
the harvesting output power increases more steeply with a shorter span length than the increasing 
in the case of a single passing vehicle discussed earlier. The reason for the steeper increase is that 
the differences among the dominant vibration frequencies of the 4 bridges are larger in the 
scenario with continuous passing vehicles than that in the scenario with only one vehicle. It 
should also be pointed out that although the dominant vibration frequencies are higher for the 
bridges with one vehicle than the ones with continuous vehicles, the resonant vibration of the 
bridges happens in the later situation and allows longer time for the harvesters to reach their 
resonant vibration status. As a result, the harvesting output power from the bridges with 







Figure 3-11. Average output power for the bridges with continuous passing vehicles vs. (a) 
different girders, (b) different girder positions, and (c) different span lengths 
 
As for application, the piezoelectric energy harvester can be used to power sensor nodes 
in a wireless sensor network in a bridge system or other civil infrastructures. A sensor node 
usually performs four basic important activities in a sensor network, including serving as a 




which is the power source, the transceiver unit is the major energy-consuming component 
because communication is one of the most energy expensive tasks [29]. It is generally true that 
MEMS-based sensing unit consumes negligible power relative to other components of a sensor 
node [30]. The data processing unit also consumes much less energy than the transceiver unit. 
The energy consumption of transmitting a single bit is approximately the same as processing 
thousands of instructions in a sensor node [31]. Therefore, the power demand of a sensor node is 
basically determined by the wireless transmission energy consumption. The wireless energy 
consumption level depends on the communication distance and communication quality such as 
signal-noise ratio. 200μW is considered to be the absolute minimum power demand by an energy 
harvesting device in the application of a sensor node [30]. The simulation result shows that the 
minimum requirement can be satisfied or approached closely in most scenarios. It indicates that 
the piezoelectric energy harvesting can be a potential power source for sensor nodes in a wireless 
sensor network. In a realistic application, the power consumption of a micro-sensor node ranges 
from one mW to tens of mW [32-33]. Even with a micro-operating system, the node can be 
intentionally switched on or off to save energy, the harvested energy as calculated in the previous 
sections is barely enough for the routine use of the sensor nodes. In the best scenario: very poor 
road conditions with heavy traffic, the energy harvester studied in this paper can only support the 
nodes with low power demand. However, it should be noted that the power required by a sensor 
node and the power can be provided by the energy harvester is in the same order of magnitudes. 
By improving the formation of the harvester such as using multi-impact harvester [34] or 
increase the piezoelectric material area or energy transfer efficiency, energy harvesting could 
become a promising power source in the wireless sensor net work in civil infrastructures.     
 
3.6 Discussion and conclusions  
 
The development of wireless sensor networks provides a promising way for structure 
health monitoring but also brings an urgent challenge on its power supply. Piezoelectric-based 
energy harvesting is a sustainable power source that can potentially solve this problem. However, 
applying piezoelectric energy harvesters on civil infrastructures has its own unique problems 
considering the properties of both the infrastructures and the harvesters. Due to the internal 
capacitance of the piezoelectric material, the circuit with a piezoelectric harvester will act as a 
high pass filter which will lower the harvesting performance when the frequency of external 
vibrations is low.  Also, the wide vibration frequency range of civil infrastructures will decrease 
the efficiency of the piezoelectric energy harvester.  
  
To obtain a better understanding and prediction of the energy harvesting on civil 
infrastructures, this paper studies the performance of piezoelectric cantilever based harvesters on 
four concrete slab-on-girder bridges. Different from other research that adopted idealized 
harvester models or simplified bridge models, detailed harvester and bridge models are used in 
the present study. The adopted harvesters have the most widely used formation and the bridges 
are representative of the majority of the bridges in the United State. Other properties such as 
harvester positions, bridge road roughness, girder length, and vehicle speeds etc. are fully 
considered to draw a more realistic and meaningful conclusion for potential applications.  
   
In this paper, only passing vehicles are considered as the external load that excites the 




regarding to two different scenarios. Matching the dominant vibration frequency is critical for 
the energy harvester to obtain a maximum output power. From the study, the dominant 
frequencies of the 4 bridges are all lower than 10 Hz when there are continuous vehicles passing 
through them. With a larger span length, the dominant frequency of a bridge can be even lower. 
It shows one of the major challenges for energy harvesting in a bridge or other civil 
infrastructures: the ultra low dominant vibration frequency. The low dominant frequency 
decreases the energy harvesting efficiency dramatically since the low vibration frequency 
reduces the strain changing rate on the piezoelectric layer. Therefore, an improved harvester with 
better low frequency performance is required for its application in civil infrastructures.  
 
It is also observed that vehicles with a high speed can trigger several higher orders of 
vibration modes of a bridge which give the vibration a wide frequency range and lower the 
harvesting output power as a result. Therefore, wider usable frequency range is also crucial for 
energy harvesting in civil infrastructures. Besides, the effects of road condition, span length, 
harvester position, and vehicle speed on the energy harvesting performance are also studied and 
discussed. The road condition shows a considerable influence on the energy harvesting 
performance which was not studied by previous research. Optimum vehicle speeds for the 
maximum harvesting output power have also been found and studied, which indicate that a 
higher vehicle speed does not necessarily lead to a larger harvesting output power. In the present 
study, the simulated output power provides a more realistic prediction for the energy harvesting 
under various conditions. Although there are various kinds of bridges and piezoelectric energy 
harvesters, the selected bridges and harvesters are the most widely used ones which are very 
representative. The simulation can provide guidance for the design and applications of 
piezoelectric-based energy harvesters aimed on civil infrastructures. The simulation results show 
that the obtained output power can satisfy or approach the minimum power demand for the 
sensor nodes. It is feasible for piezoelectric energy harvesting to power the wireless sensor 
network in civil infrastructures. However, the performance of the energy harvesting at low 
frequencies and under excitations with wide frequency range need to be improved to support a 
routine use of wireless sensor nodes. A study to improve the energy harvesting on bridge 
vibrations by using such as a multi- impactor is under way in our research group.    
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CHAPTER 4. MULTI-IMPACT ENERGY HARVESTER AIMED 




With recent advancement in wireless and micro electromechanical systems (MEMS) 
technology, portable electric devices have become more powerful and popular with less energy 
consuming [1]. However, their applications and developments are limited by the comparatively 
slow development in conventional power sources like rechargeable batteries. Recharging or 
replacing batteries always bring some inconveniences and sometimes can be very expensive or 
even impossible. As a substitution of batteries, energy harvesting provides a promising way to 
supply clean and regenerative power. Energy harvesting transfers energy from an ambient 
environment into usable electric energy. Some common ambient energy sources include 
mechanical energy, light energy, wind energy, and thermal energy [2].  
 
Among all of the energy harvesting methods, piezoelectric-based energy harvesting is a 
very efficient and mature way to convert ambient vibration energy into electric energy. A lot of 
researches have been done in this area [1], [3-5] and some commercial products are available in 
the market. For piezoelectric-based energy harvesters, most of them are designed and operated at 
the frequency of tens to hundreds Hertz. The energy output decreases dramatically when the 
vibration frequency is low, especially when the frequency is lower than 10 Hz. However, in the 
field of civil engineering or for some implanted devices, the ambient vibrations are usually at the 
frequency of several Hertz [6] that requires the harvesters with a better performance in low 
frequencies.  
 
To improve the low frequency performance, some researchers proposed various 
harvesters based on the mechanism of impact. Rastegar et al. [7] designed a two-stage system 
which consists of a seismic mass and two stiff cantilever beams. The seismic mass can absorb 
vibration energy at a very low frequency and trigger high frequency vibrations on the two 
cantilever beams by impacting. With a high resonance frequency, the cantilevers beams with 
attached piezoelectric patches can efficiently convert the vibration energy to electric energy. Lee 
et al. [8] proposed a MEMS scaled device that can rectify a low mechanical frequency to a 
higher resonant frequency mode. The device consists of a piezoelectric beam with a sharp probe 
on its tip and a slider with several ridges on its surface. When the probe contacts the ridges, the 
movement of the slider can cause vibrations of the cantilever beam at its high resonant frequency. 
Gu [9] proposed a piezoelectric energy harvester based on impact vibrations that is assembled 
with a compliant driving beam and two rigid generating beams. The ambient low frequency 
vibration is up-converted to a high resonant frequency one by the periodic impacts between the 
driving beam and the generating beams. An experimental demonstration was also presented to 
show the efficiency of the electric power transfer.   
 
All the energy harvesters aforementioned show the varied ability to transfer low 
frequency excitations to high frequency resonant vibrations. Improved energy output can also be 
observed from the literature. However, for the frequency lower than 10 Hz or even lower than 5 
Hz that is a typical vibration frequency range for civil infrastructures, the improvement is 




external excitation is at a very low frequency, piezoelectric beams can free vibrate for a while 
after impact and stay in neutral position for a relatively long time until the next impact happens. 
Besides, since the ambient vibration energy is transferred to the piezoelectric beam by only one 
or two impacts for each cycle, the reliability and durability of the beam are also big concerns. To 
obtain better performance of energy harvesting at low frequencies, a multi-impact energy 
harvester is presented in this paper. The proposed harvester can efficiently up-convert the 
vibration frequency by several impacts during one vibration cycle. Its output power can be 
significantly increased by keeping the piezoelectric beam vibrating with less time interruptions. 
The multi-impact also makes each impact controllable and improves the durability of the system.  
 
The outline of this paper is as following: Section 4.2 introduces the concept of the 
cantilever beam based harvester, the single impact harvester and the proposed multi-impact 
harvester. The design and configuration for the proposed harvester are also included in section 
4.2. In section 4.3, a modeling for the vibration of the multi-impact harvester and its energy 
output is derived and presented. In section 4.4, the simulation results and the effect of harvester 
parameters are discussed. The comparisons among the cantilever beam based harvester, the 
single impact harvester, and the multi-impact harvester are also conducted. At last, a conclusion 
is made in section 4.5.   
 
4.2 Concept and design of multi-impact harvester 
 
4.2.1 Concept for cantilever-beam-based harvester design 
 
For any kind of energy harvesters, the energy absorbed by the system cannot be 100% 
transferred to electric energy. Part of the absorbed energy is transferred to some other kind of 
energy unwanted such as heat energy dissipated by mechanical and electric damping. Usually, a 
dissipation loss factor η  is used to evaluate the energy dissipation capacity for a system, while a 
new term: harvesting factor η  is proposed [10] to evaluate the energy harvesting capacity. Since 
both dissipation and harvesting remove energy from a system, the sum of the two η η
η can be defined as the total loss factor of a harvesting system. The total loss factor decides how 
much energy can be absorbed by a system, while the ratio of the harvesting factor to the total 
loss factor  decides the transfer efficiency of the system. The transfer efficiency determines the 
percentage of the absorbed energy that can be transferred to the usable electric energy. Therefore, 
the electric energy output for a harvesting system can be obtained from the equation below: 
 
Electric	energy	output Energy	absorbed Energy	absorbed          (4-1) 
 
It can be seen from Eq. (4-1) that an ideal harvester can be obtained by maximizing the 
energy absorbed into the system and minimizing the unwanted damping dissipation. However, 
there are always some limitations in a real case and the maximum absorbed energy and minimum 
unwanted dissipation can hardly be achieved. For a cantilever beam based piezoelectric harvester 
as shown in figure 4-1, the cantilever beam can be modeled as a single degree of freedom (SDOF) 
system and its equation of motion is: 
 




where M is the mass, c is the damping coefficient, k is the stiffness of the spring,  y t  is the 
displacement of the base, and x t  is the relative displacement of mass with respect to the base, 
x t z t y t , z t  is the absolute displacement of the proof mass.  
 
The instantaneous power absorbed by the system is:  
 
p t My y t x t                                                      (4-3) 
 
To maximize the energy absorbed by the cantilever beam, the resonant frequency of the 
harvester is usually tuned to be as close as possible to the frequency of the ambient vibration. 
Under a sinusoidal excitation at its resonant frequency, the power of energy absorbed by the 
system can be calculated by the equation below [11]:  
 
p                                                                     (4-4) 
 
where Y  is the amplitude of the ambient vibration, ω  is the vibration frequency that equals to 
the resonant frequency of the system, and ζ  is the total damping ratio including the effect of 
energy dissipation and energy harvesting.  
 
It should be noted that energy loss of the system due to harvesting is assumed to be strain 




                (a)                                                               (b) 
 
Figure 4-1. (a) Single degree of freedom system under sinusoidal excitation, (b) conventional 
cantilever beam based harvester 
 
From equation (4-4), it can be seen that the energy absorbed by the system will be high 
with a small damping ratio and big mass. However, a lower damping ratio leads to a larger 
vibration amplitude that is restricted by the operational space. For the conventional cantilever 
beam based harvester operated by low frequency vibration sources, its low resonant frequency 
requires a low stiffness which makes the vibration amplitude even larger. Considering the 
limitation of available space for a harvester and the brittleness of piezoelectric materials at a 
large strain level, stoppers are usually needed to avoid large vibration amplitude, but of course 




dissipation is high for the conventional harvester. Since the cantilever beam used for the 
harvester is usually a composite beam, deformation happens not only in the piezoelectric patches 
but also in the substructure where the patches are attached. From equations (4-1) and (4-4), the 
electric energy output is derived as [11]: 
 
p                                                      (4-5)   
                        
where p is the energy output power, ζ  is the damping ratio due to energy harvesting, and ζ  is 
the mechanical damping ratio due to energy dissipation.  
 
It’s obvious that, with a large unwanted damping ratioζ , the efficiency of the harvester 
will be dramatically reduced. 
 
4.2.2 Introduction to impact-based harvester  
 
For a single impact energy harvester as shown in figure 4-2(a), the driving beam with a 
low resonant frequency is excited by the ambient vibration and then hits the stiff generating 
beams. Because the mass of the driving beam is much larger than the one of the generating beam, 
the driving beam vibrates with the generating beam after the impact and transfers its absorbed 
energy to the generating beam during their vibration together. After the energy transferring, the 
two beams separate and the generating beam vibrates freely at its high resonant frequency and 
produces electric power by the attached piezoelectric patches [9]. For a theoretical analysis, the 
vibration of impact harvester can be separated into two parts: (1) there is no contact between the 
driving beam and generating beam and they can be treated as two independent systems: (2) two 
beams contact and vibrate together and can be treated as one new system.  
 
Since the driving beam can only vibrate between the two generating beams, the required 
operation space for the harvester is much smaller compared with the conventional one shown in 
figure 4-1. Besides, because  the piezoelectric patch is attached on the generating beam, a large 
vibration amplitude is no longer needed to match the low ambient vibration frequency. The 
piezoelectric patch can avoid a large strain level and its durability is increased. At last, the single 
impact harvester reduces the unwanted energy dissipation and increases the transfer efficiency 
that is defined as the ratio of the generated electric energy to the total absorbed energy . 
When the driving beam and generating beam contact and vibrate together, the total mechanical 
damping ratio for the new system is: 
 
 ζ                                                             (4-6) 
 
where c 	and	c  are the damping coefficients  of the driving beam and generating beams 
respectively, ω is the new resonant angular velocity for the new system (driving beam and 
generating beam vibrate together) , and m  and m 	are the mass of the driving beam and 





Since the size of the generating beam is much smaller than the one of driving beam, its 
mass and damping coefficient M 	and c are much smaller than M  and c  and can be ignored 
here. Therefore, the Eq. (4-6) can be rewritten as ζ . Compared with the driving beam, 
the resonant angular velocity ω increases a lot due to the increasing stiffness introduced by the 
generating beam. As a result, the mechanical damping ratio ζ  becomes much smaller. In 
contrast, the damping ratio due to energy harvesting ζ  depends on various parameters of the 
piezoelectric patches, circuits, and external vibrations, and it changes little compared with the 
mechanical damping ratio [9]. Therefore, the ratio  is increased with less unwanted 
energy dissipation and a high transfer efficiency for the single impact harvester is obtained.   
 
Though the energy transfer efficiency  is increased for the single impact harvester, the 
total energy absorbed by the harvester is small, which decreases the electric energy output 
according to equation (1). From equation (3), the energy absorbed by a harvester in one vibration 
cycle can be obtained as following: 
 
E p t dt My y t x t dt My y t dt My x t dt                        
(4-7) 
 
For a sinusoidal excitation	y t Y sin	 ωt , the first part of the integral in Eq. (4-7) 
equals to zero and Eq. (4-7) becomes: 
 
E My t ∗ x t dt                                                      (4-8) 
 
where x t  is the relative velocity of the proof mass at the tip of the driving beam. 
 
 
(a)                                                                  (b) 
Figure 4-2. Schematic of (a) single impact harvester, (b) multi-impact harvester Design and 




Since the driving beam can only vibrate in a small space between the two generating 
beams, x t  is very small or even close to zero between two impacts, especially for a single 
impact harvester operated at a low frequency. Therefore, from Eq. (4-8), the energy absorbed by 
the harvester is low when	x t  is close to zero. The low absorbed energy lowers the energy 
output even though the transfer efficiency is high. 
 
To increase the energy output and durability of the piezoelectric beam, a multi-impact 
harvester is proposed. It combines the advantages from both the conventional cantilever beam 
based harvester (discussed in section 4.2.1) and the single impact harvester (discussed in section 
4.2.2). As shown in figure 4-2 (b), the new harvester (15cm 6cm 5cm) consists of a mass 
and two piezoelectric cantilever beams. The mass is hung by a soft spring which leads to a low 
natural frequency of the system. Two vertical cantilever beams are symmetrically positioned 
besides the mass with a triangle bulge at each tip. A series of teeth are mounted symmetrically on 
both sides of the hung mass and they are very close to the cantilever beams. When the hung mass 
is excited and vibrates in the vertical direction, the teeth move with the mass along the cantilever 
beams. As shown in figure 4-3, when the teeth hit the triangle bulges at the tip of the cantilever 
beams, the teeth push the bulges away from their neutral axis in the horizontal direction. After 
pushing the cantilever beam away, the teeth can pass through the bulges and allow another 
hitting from the next teeth. Rollers are mounted at each tip of the teeth to minimize the friction 
between the teeth and bulges and to avoid sticking together between the two. Therefore, in each 
vibration cycle of the hung mass, the cantilever beams are impacted for several times and vibrate 
freely between each impact.  
 
 
                 (a)                                                           (b) 
Figure 4-3. Process of the impacting (a) teeth move upward (b) teeth move downward 
 
The multi-impact harvester, combining the advantages from both single impact and 
conventional harvesters, has several superiorities. First, the operational space is reduced by 
eliminating the driving beam compared with the single impact harvester (figure 4-2(a)) and is 
much smaller than the one for the conventional harvester (figure 4-1(b)). The amplitude of 
vibration for the multi-impact harvester is controllable by adjusting its geometry and properties, 
which makes its design more flexible. Secondly, since it is essentially an impact based harvester, 
the multi-impact harvester takes the advantage of the high energy transfer efficiency as 




contributes to the high transfer efficiency since the unwanted energy dissipation is reduced. In 
addition, the hung mass in the multi-impact harvester works just like the driving beam in the 
single impact harvester, but it is allowed to vibrate with a controllable amplitude rather than 
moving within a small space between two cantilever beams as in the single impact harvester. 
With a considerably larger amplitude, the velocity of the hung mass in the multi-impact harvester 
 is much larger than the one for the single impact harvester. As a result, more vibration 
energy can be absorbed by the multi-impact harvester from the ambient environment according 
to equation (4-8). Therefore, with more absorbed energy, the electric energy output of the multi-
impact harvester can be significantly increased. At last, by transferring energy through several 
impacts rather than one or two during each cycle, the impacting force can be controlled within a 
certain range, which reduces the risk of breaking the piezoelectric patches at high vibration 
accelerations and therefore gives the device a better reliability and durability.  
 
4.3 System modeling  
 
4.3.1 Model of bimorph cantilever beam 
 
A lot of researches have been done for the modeling of the composite beams attached 
with piezoelectric patches. Lu [12] proposed a model based on the linear piezoelectric theory and 
beam theory to predict the vibration of the composite beams and its energy output. Henry [13] 
proposed a model based on energy conservation for the piezoelectric composite beams. Erturk 
[14] proposed a distributed-parameter electromechanical model for a bimorph piezoelectric 
cantilever beam. Among them, the distributed-parameter model is a recent developed one with a 
full consideration of the electromechanical coupling effect for dynamic systems and is used in 
this paper. For the cantilever beams used in the multi-impact harvester, it’s a symmetric bimorph 
cantilever beam and can be simulated by the distributed-parameter model. Figure 4-4 shows the 
configuration of the bimorph cantilever beam used in the multi-impact harvester and its external 
circuit with resistive electrical load R. The two piezoelectric patches are assumed to be identical 
and combined in series. The x-y coordinate system and the polling directions of the piezoelectric 
patches are also shown in the figure and will be used in all the subsequent sections. The vibration 
and voltage output for the bimorph beam are described by Eq. (4-9) and Eq. (4-10) [14]: 
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where EI  is the bending stiffness of the whole composite cross section, w x, t  is the 
transverse displacement of the beam (neutral axis) relative to its base at position x and time t, 
w x, t  is the transverse displacement of the base, c  is the viscous air damping coefficient, c  is 
the strain-rate damping coefficient, m is the mass per unit length, L is length of the beam, δ x  is 
the Dirac delta function, V(t) is the voltage in circuit, R is the external resistance, C is the 
internal capacitance of the piezoelectric layer, ϑ is coefficient of the backward coupling terms, 
and i t  is the current source. The last two terms are electromechanical coupling terms and more 






Figure 4-4. Schematic for the bimorph cantilever beam and external circuit 
 
The vibration response relative to the base for the bimorph cantilever beam can be 
presented by a series of eigenfunctions: 
 
w x, t ∑ ϕ x η t                                             (4-11) 
 
where ϕ x  is the mass normalized eigenfunction of the r-th vibration mode, and η t  is the 
modal general coordinate.  
 
Assuming that the first vibration mode contributes most of the response and ignore the air 
damping, by applying the orthogonality conditions of the eigenfunctions, the equation of motion 
in the modal coordinates can be obtained and Eq. (4-9) can be rewritten as: 
 
2ωξ η t ω χV t f t                                 (4-12)  
 
where ω is the undamped natrural angular frequency, ξ is the strain-rate damping ratio, f t  is the 
exitation force and χ is the modal electromechanical coupling term χ ϑ . 
 
For the bimorph cantilever beam under a harmonic external excitation, η t  and V t  are 





From the boundary condition, the first vibration mode is:  
 
ϕ x cosh x cos x ς sinh x sin x                         (4-13) 
 
where λ is the dimensionless frequency parameter for the first mode, L is the length of the 
cantilever beam, and ς .   
 
With ϕ x  and η t  known, the displacement of any point on the cantilever beam can be 
obtained for any given time by Eq. (4-11).  
 
From Eq. (4-10) to (4-12), the vibration and voltage output can be obtained for the 
bimorph cantilever beam under a harmonic excitation. However, the vibration of the cantilever 
beams in the multi-impact harvester is complicated since there are impacts involved during the 
vibration. Therefore, the assumption of harmonic vibrations for cantilever beams is not valid 
here and no analytical solution can be found for η t  in the multi-impact harvester system. For 
solving the problem, numerical method is used and is discussed in the following sections.  
 
4.3.2 Vibration modeling for multi-impacting harvester  
 
In the previous sections, only the first vibration mode is considered for the cantilever 
beam. Therefore, η t  is actually the transverse displacement of the cantilever beam tip. The 
derivations of section 4.3.1 will be used below for the vibration modeling for the multi-impact 
harvester.  
 
To obtain the tip displacement of the cantilever beams and the displacement of the hung 
mass, some assumptions are made and four governing equations of motion can then be written 
for different system status. As shown in figure 4-5(a), when the system is stable, the two nearby 
teeth are d/2 away from the axis of the bulge and the cantilever beam is in its neutral position. To 
simplify the modeling process, the hung mass is modeled as a SDOF system. Since the external 
excitation is along the x direction, the motion of the hung mass by itself without contacting 
cantilever beam can be described by the equations below: 
 
M c k u t M asinωt                                        (4-14) 
 
where u t  is the displacement of the hung mass in the vertical direction (x direction), M  is the 
mass of the hung mass, a is the amplitude of excitation acceleration, and c  and k  are the 
damping coefficient and stiffness of the spring respectively. 
 
Equation (4-14) can be rewritten as: 
 





where ω  is the undamped natural angular frequency of the hung mass-spring system, and ξ  is 
the strain-rate damping ratio of the spring. 
 
For the cantilever beam, no external force is applied in its transverse direction. Therefore, 
from equation (12), its tip displacement can be described by the following equation: 
 
2ω ξ η t ω χV t 0                                    (4-16) 
 
where η t  is the tip displacement in the y direction, ω  is the undamped natrural angular 
frequency for the cantilever beam, and ξ  is the strain-rate damping ratio of the cantilever beam. 
 
With no contact between the hung mass and cantilever beam, they are two independent 
systems and the vibration of the hung mass and cantilever beam tip can be obtained by solving 
Eq. (4-15) and Eq. (4-16). 
 
As the hung mass moves upward or downward, its teeth can hit the bulge of the 
cantilever beams. The collision between the hung mass and the cantilever beams is relevant to 
the low-velocity impact which can be classified into four categories [15]. Among the four 
categories, our case is most relevant to the transverse impact of a rigid body on a flexible 
element. The process of impact includes two separate phases: first, when the cantilever beam and 
the hung mass contact each other, the two tend to interpenetrate each other and a local 
compression F develops in their interface [16] as shown in figure 4-5(b) and 4-5(c). With the 
tooth sliding on the bulge, the bending of the cantilever beam becomes larger and so does the 
compression force. When the compression force becomes large enough, the hung mass and the 
bulge repulse each other or the hung mass just passes through the bulge before the compression 
force becomes large enough. In either situation, the two separate and become two independent 
systems again. 
 
As shown in Figure 4-5 (b), when the i-th tooth hits the upper part of the bulge, the force 
F in the direction perpendicular to the upper face of the bulge is applied to the tooth and a 
counterforce in the opposite direction is applied to the cantilever beam. Because the teeth are 
symmetrically deployed on both sides of the hung mass, the component force in the horizontal 
direction cosθF cancels each other and only the resultant force – 2sinθF in the vertical direction 
is applied on the hung mass. Therefore, the new governing equation for the displacement of the 
hung mass u t during the impact is:  
 
2ω ξ ω u t asinωt                                   (4-17) 
 
For the cantilever beam, since its axial stiffness in the vertical direction is much larger 
than its stiffness in the horizontal direction, the axial displacement of the cantilever beams can be 
ignored. Therefore, it can be assumed that only the component force in the horizontal direction 
has effect on the motion of the cantilever beam. The force applied on the tip of the cantilever 






2ω ξ η t ω χV t cosθF t ϕ x dx                    (4-18) 
 
where ϕ x  is the mass normalized eigenfunction of the first vibration mode. 
 
 
                                      (a)                                (b)                                      (c) 
 
Figure 4-5. (a) Dimension of cantilever beam bulge (b) Force diagram when tooth hits upper 
bulge (c) Force diagram when tooth hits bottom bulge 
 
For the simulation case used in this paper, 10 teeth are mounted on each side of the hung 
mass and the bulges are initially located between the 5th and 6th tooth as shown in figure 4-2 (b). 
When the hung mass and the cantilever beams keep contacting and moving together during the 
impact, if the ith tooth contacts the bulge, the relationship between the displacement of the hung 
mass u t  and the tip displacement of the cantilever beam η t  can be described by the following 
equation: 
 
η t tanθ u t ∆ i 6 d                                             (4-19) 
 
where ∆ is the distance between the tooth and the upper surface of the bulge when both of them 
are in their neutral positions, and d is the distance between two adjacent teeth. 
 
From Eq. (4-19), the velocity and acceleration have the relationship as following:  
 




sinθF t tanθ ∗ cosθF t tanθ






Eq. (4-17) and Eq. (4-18) can be combined into one equation as:  
 
1 2ω ξ ω u t
χV t asinωt ∆ i 6 ∗ d               (4-22)  
 





i 6 ∗ d u t
d
2
i 6 ∗ d 
F t 0                                                        (4-23) 
 
Condition (a) requires the teeth and tip bulge of the cantilever beam coincide spatially 
and condition (b) requires the two have interaction. When u t  is obtained from Eq. (4-22), F t  
can be calculated by substituting u t  into Eq. (4-21). 
 
Similarly, when the tooth contacts with the bottom face of the bulge as shown in figure 4-
5 (c): 
 
                                      η t tanθ u t ∆ 5 i d      
tanθ
	
, and tanθ                                 (4-24) 
 
The equation of motion for the combined system when they are in contacting is: 
 
1 2ω ξ ω u t
χV t asinωt ∆ 5 i d                                                          (4-25) 
 




5 i d u t ∆
η t
tanθ
5 i d 
F t 0                                                                 (4-26) 
 
Eq. (4-15), Eq. (4-16), Eq. (4-22), and Eq. (4-25) are the four governing equations of 
motion for determining the tip displacement of the cantilever beam and the displacement of the 
hung mass. Eq. (4-23) and Eq. (4-26) are the equations used for selecting the right governing 
equations. There is an electromechanical coupling termχV t  in Eq. (4-16), Eq. (4-22), and Eq. 
(4-25) and its coupling effect and the calculation of the whole system is discussed in the next 







4.3.3 Electromechanical coupling effect and modeling of energy output  
 
 (i) Direct piezoelectric effect  
 
For the proposed multi-impact harvester, the piezoelectric patches are attached on the 
surfaces of the two cantilever beams. When the cantilever beams are impacted and excited to 
vibrate, the piezoelectric patches extend or contract with the vibrations and generate electric 
charge on their surfaces due to the direct piezoelectric effect. For predicting the electric energy 
output from the piezoelectric patches, the linear piezoelectric theory is applied here. Because the 
thickness of the piezoelectric patches is much smaller than its width and length, the strain in the 
y and z directions are assumed to be zero. Therefore, the constitution equation for the 
piezoelectric patch is simplified as: 
 
D e ε ε E                                                          (4-27) 
 
where  D  is the electric displacement in the y direction within the piezoelectric layer; e  is the 
piezoelectric constant in the 31 coupling direction; ε  is the strain in the x direction; ε  is the 
dielectric constant, and E   is the electric field in the y-direction within the piezoelectric layer. 
The coordinate system and polling direction used here are the same as the ones shown in figure 
4-4. 
 
The charge collected on the electrode surface of the piezoelectric patches can be 
expressed as the electric displacement integral on the area of the surface. Based on the elastic 
beam theory and ignoring the axial deformation, the bending induced strain in the x direction of 
the beam can be expressed by the displacement in the y direction and its thickness. Therefore, by 
assuming a uniform electric field within the piezoelectric layer, the charge collected can be 
deduced as following [12]:   
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where s  is the thickness of the piezoelectric layer, h is the distance between the piezoelectric 
layer and the neutral axis of the composite beam, V(t) is the electric field on the piezoelectric 
patch, and A, b, and L is the area, width, and length of the piezoelectric patch respectively.  
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By settingC   , and i t be h , equation (29) becomes  equation (10) which 
is used with the four governing equations (4-15), (4-16), (4-22), and (4-25) to obtain the system 
vibration and energy output.  
 
(ii) Inverse piezoelectric effect 
 
When electrical field exists in the piezoelectric layer, there will be stress generated in the 
layer due to the inverse piezoelectric effect. The stress induced by the inverse piezoelectric effect 
obviously has influence on the dynamics of the whole system and can be reflected by the 
coupling term χV t  in Eq. (4-16), (4-22), and (4-25) [14]. 
 
 χ s                                                (4-30) 
 
where s  is the thickness of the substructure and ϕ x  can be obtained by Eq.(4-13).  
 
(iii) Methodology for solving the coupling equations of multi-impact harvester  
 
For the multi-impact harvester, there is no analytical solution for the four governing 
equations. Therefore, a numerical method is used to obtain an approximate solution. For the 
calculation, a very short time interval dt is set. During the time interval, coupling term χV t  is 
assumed to be unchanged and is calculated by substitute the voltage at the beginning of the time 
interval into it. With a given initial condition for the time interval, Eq. (4-23) and (4-26) are used 
to determine if the cantilever beam and the tooth contact each other or not and select the right 
governing equations from the four governing equations (4-15), (4-16), (4-22), and Eq. (4-25). 
The selected equations are then updated by inputting the precalculated coupling termχV t . 
Assuming the contacting condition does not change during the time interval, Matlab ODE 
method is used to solve the updated equations and obtain the solution. The solution at the end of 
the time interval is then used as the initial condition for the next time interval and for the 
determination and calculation process for the next time interval.  
 
Take the first time interval for example: At the very beginning, assume that the charge on 
both sides of the piezoelectric patch and the voltage between them are zero, the cantilever beam 
and the hung mass are at their neutral position with zero velocity: 
 
Q 0 0, V 0 0, u 0 0, η 0 0, 0, and 0. 
 
By checking Eq. (4-23) and Eq. (4-26), no contact between the cantilever beam and the 
tooth occurs, and Eq. (4-15) and Eq. (4-16) are the right ones and updated by inputtingχV t 0. 
Solving the two equations, the tip displacement of the cantilever beam and the displacement of 
the hung mass at the end of the time interval u dt  and η dt  can be obtained.  
 
From Eq. (4-29), at the end of the first time interval t 1 dt, the voltage between the 
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R                                         (4-31) 
 
Similarly, at any specified time t n dt, the initial condition can be obtained from the 
calculation for the time interval	t n 1 dt. With the initial condition, u ndt  and η ndt  
can be obtained following the same procedure described previously. For the voltage at the end of 
the time interval, it equals to the voltage at the end of the last time interval plus the voltage 
change during this time interval: 
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P V                                  (4-32) 
 
Therefore, with the result from previous time interval as its initial condition, the vibration 
of the system and the energy output for each time interval can be calculated following the 
sequence of 1th, 2nd, 3rd ……to the nth time interval. The whole process of the step by step 
calculation is realized by a Matlab program.  
 
4.4 Results and discussion  
 
4.4.1 General Observations  
 
From the models in section 4.3, the vibration of the multi-impact harvester system can be 
simulated using the Matlab ODE method. By setting the system parameters as shown in table 4-1, 
the solution for the governing equations can be obtained and the result is shown in Figure 4-6. 
The external excitation for the system is a sinusoidal acceleration with an amplitude of 0.4 G and 




maximum displacement of the hung mass at 30  mm. Two patches P-876.A12 from PI 
Company are attached on each cantilever beam. The dimension of the cantilever beam is decided 
by matching the piezoelectric patches. The time interval is set to be 0.0002 seconds for solving 
the governing equations. At the very beginning, the displacement, speed, and acceleration are all 
set to be zero for both the cantilever beams and the hung mass. The voltage and charge on the 
piezoelectric patches are also set to be zero.  
 
Table 4-1. Parameters for numerical simulation of multi-impact harvester 
 
Aluminum cantilever length (mm) 60 
Aluminum cantilever width (mm) 35 
Aluminum cantilever thickness (mm) 1 
resonance frequency of cantilever (Hz) 155.64 
tip angle （ ）o  30 
upper tip length (mm) 5 
lower tip length (mm) 3 
vibration mass (g) 282.6 
spring stiffness (N/m) 225 
resonance frequency of mass (Hz) 4.5 
distance between teeth  (mm) 5 
damping coefficient of spring (kg/s) 0.08 
equivalent damping coefficient of cantilever (kg/s) 0.38 
mass of piezoelectric patch (g) 3.5 
thickness of piezoelectric patch (mm) 0.2 
width of piezoelectric patch (mm) 30 
length of piezoelectric patch (mm) 50 
thickness of whole patch (mm) 0.5 
length of whole patch (mm) 61 
width of whole patch (mm) 35 
Young's modulus of patch (GPa) 23.3 
piezoelectric constant (C/m ) 11.2 
relative permittivity 1800 
external resistance (ohm) 15000 
 
Figure 4-6 (a) shows the vibration of the system without cantilever beams, i.e., no impact 
involved during each cycle to dissipate vibration energy. From the figure, the amplitude is about 
0.5 meter which is mainly due to the soft spring and the big mass hung on the spring. The 
damping ratio was set as low as 0.5% which is a typical one for spring. The low damping ratio 
also contributes to the large amplitude since the hung mass needs to move for a large 
displacement to dissipate the vibration energy in each cycle. Figure 4-6 (b) shows the vibration 
of the system with piezoelectric cantilever beams. The solid curve is the tip displacement of the 
cantilever beams in the y direction and the dashed one is the displacement of the hung mass in 
the x direction. It can be observed that the mass only needs to move less than 30 mm up and 




also be observed that the cantilever beam vibrates at a much higher frequency than the hung 







Figure 4-6. Displacement versus time (a) hung mass without cantilever beam (b)Hung mass with 
cantilever beam 
 
Figure 4-7 shows the output voltage from the multi-impact harvester. The resistance for 
the external circuit is 15KΩ. From figure 4-7 and figure 4-8, it’s obvious that the vibration of the 
system experiences two stages that are similar to the transient stage and stable stage in a forced 
vibration. For the first stage from time 0 to 1 second, the output voltage in figure 4-6 indicates 
the teeth on the hung mass cannot get through the bulges of the cantilever beams and therefore 
can only hit the bulges twice in one cycle due to the small movement of the hung mass at the 
beginning. In this stage, the harvester performs more like a single impact harvester. Figure 4-8 
shows the power output of the system in the same time period. The power output for the first 
stage is very low and is almost zero between each impact. The result matches the experimental 
result [17] for single impact harvester at low frequency (4.5 Hz) and confirms the conclusion in 




two impacts is long and little energy can be absorbed. After 1 second, the hung mass begins to 
get through the bulges. More and more impacts are involved during each cycle, indicating multi-
impact happens. It can be seen in figure 4-7 that the cantilever beams are hit for several times in 
one cycle and generate high voltage since a lager deformation happens when the teeth pass 
through the bulges. With multi-impact in the second stage, the energy output increases 
dramatically with a high power as shown in figure 4-8. The main reason for the high output 
power is that the absorbed energy is high with a considerable large vibration amplitude of the 
hung mass and the absorbed energy keeps transferring to the cantilever beams by a series of 
sequent impacts. When the hung mass reaches its stable state as shown in figure 4-6(a), the peak 
energy output reaches and the average power output for the stable state is 8.38 mW. Since the 
energy output is affected by several different parameters, the effects of different harvester 




Figure 4-7. Voltage versus time for multi-impact harvester 
 
 




4.4.1 Effect of external resistance  
 
For the conventional cantilever beam based harvester shown in figure 4-1, the power 
output can reach its maximum value when the external resistance is [12]: 
 
R                                                                (4-33) 
 
where 	s  is the thickness of the piezoelectric layer, b  and L  is the width and length of the 
piezoelectric layer respectively, ϵ  is the permittivity of the layer, and ω is the operational 
frequency. 
 
For the cantilever beam used in the multi-impact harvester, if it is treated as a 
conventional cantilever beam based harvester and operated at its resonant frequency, its optimal 
resistance can be obtained by inputting the data from table 1 into equation (4-33). The calculated 
optimal resistance is R 15.84KΩ. From figure 4-9, it can be observed that the power output of 
the multi-impact harvester reaches its maximum value 8.38 mW when the external resistance 
is15KΩ. The optimal resistance is very close to 15.84	KΩ, indicating the cantilever beam in the 
multi-impact harvester actually vibrates at its high resonant frequency even though the harvester 
is operated at the frequency of 4.5 Hz.  
 
Figure 4-9. Output power with different external resistance for multi-impact harvester 
 
4.4.2 Effect of hung mass  
 
The proof mass and output power have a linear relationship for the conventional 
cantilever beam based harvester as shown in Eq. (4-5). For the multi-impact harvester, a large 
mass is also desired. However, limited by the operational space and anti-impact capability of the 
cantilever beams, the hung mass cannot be increased limitlessly and stoppers are mounted in the 





Figure 4-10 shows the output power of the multi-impact harvester with different hung 
masses. All the parameters are kept the same as in table 4-1 except the hung mass and the spring 
stiffness. The spring stiffness is adjusted according to the mass to keep the natural frequency of 
the mass-spring system consistent.  
 
Because the vibrations during the first stage is much smaller than the one for the stable 
state, the longer the harvester stays at the first stage, the lower the average power for the first 6 
seconds will be. Therefore, the value gives an indication of how quick the harvester can reach its 
stable state that is important for the multi-impact harvester. As shown in figure 4-10, when the 
mass is less than 260 g, the output power for the first 6 seconds is very small, which indicates 
that the harvester stay in the first stage for a long time and only a single impact happens during 
each vibration cycle. By increasing the mass from 260g to 360g, the output power increases 
sharply. The main reason for the sharp increasing is that the larger mass not only brings higher 
vibration energy but also shortens the first stage since it can get through the bulge more easily 
and reach the stable state more quickly. When the mass is larger than 360 g, all the harvesters 
can reach the stable state very quickly, and a shorter first stage induced by a larger mass can 
hardly affect the output power. Therefore, the output power increases slowly that is mainly due 




Figure 4-10. Output power with different hang mass for multi-impact harvester 
 
For the average output power during the stable state, it eliminates the effect of the 
vibration in the first stage and therefore, it is always larger than the average power for the first 6 
seconds as shown in figure 4-10. Different from the average power of the first 6 seconds, the 
curve for the average power during the stable state can be separated into only two parts: mass 
smaller than 260g and mass larger than 260g. For the former one, the mass cannot get through 
the bulges and the system can only stay in the first stage, which gives a very low output power. 
For the later one, the system stays in the second stage and has a much higher output power. It can 
be seen from figure 4-10 that the two curves become closer with larger masses, which indicates 
that the system reaches stable state more quickly with a larger mass and thus reduces the 




4.4.3 Effect of the thickness of cantilever beam  
 
For the conventional cantilever beam based harvester, the thickness of the cantilever 
beam determines the strain level of the piezoelectric patches attached on its surfaces when the 
vibration amplitude is constant. A thicker cantilever beam gives a larger strain level of the 
piezoelectric patch for a given amplitude and, therefore, a higher power output. However, for the 
conventional cantilever beam based harvester, increasing the thickness introduces a higher 
mechanical damping to the system, which decreases the transfer efficiency and lowers the power 
output. Also, increasing the thickness changes the natural frequency of the cantilever beam, 
which may cause problem for its operation. Therefore, the thickness of the cantilever beam 
cannot be adjusted randomly and needs to be considered comprehensively. For the multi-impact 
harvester, it takes more energy for the teeth to get through the bulge with a thicker cantilever 
beam, which means the energy transferred to the cantilever beam increases during each impact 
and so does the total output power. Taking advantage of the single impact harvester, the 
unwanted mechanical damping of the multi-impact harvester can always be kept in a low level, 
which avoids introducing a high damping due to a thicker cantilever beam. Therefore, the energy 
transfer efficiency does not decrease with the increase of the beam thickness and the energy 
output power increases due to the larger absorbed energy.  
 
Figure 4-11 shows the output power of the multi-impact harvester with different 
cantilever beam thickness. All the parameters are kept the same as in table 1 except the beam 
thickness. As shown in figure 4-11, the power output keeps increasing with a larger thickness 
when the thickness increases from 0 to 1 mm. When the thickness reaches 1.2 mm, the power 
output drops steeply to almost zero (0.0617mW) because the cantilever beam is too stiff for the 
hung mass to get through, which is similar to what happens for a small hung mass in section 4.3. 










It should be noted that all the harvesters with different thicknesses have the same hung 
mass. However, the hung mass is also an important parameter that can change the performance 
of harvester with different beam thicknesses. In figure 4-12, the average output power for the 
first 6 seconds is plotted for 3 different hung masses with different beam thicknesses. It can be 
observed that the maximum power is higher and obtained at a larger thickness when a larger 
hung mass is selected. The higher power is due to the higher absorbed energy brought by a larger 
mass and also the higher transferred energy during each impact with a thicker cantilever beam. It 
can be seen from the figure that the range of the thickness with a considerable output power is 
wider with a larger hung mass. It also shows that the hung mass can influence the selection of the 




Figure 4-12. Output power with different cantilever beam thickness and different hung mass 
 
4.4.4 Effect of excitation frequency 
 
In the previous discussions, all the multi-impact harvesters with different parameters are 
operated under the same excitation at the frequency of 4.5 HZ that is the natural frequency of the 
mass-spring system. However, the existence of the cantilever beams and the introduced impacts 
more or less shifts the natural frequency of the harvester. Therefore, the natural frequency of the 
system cannot always be identical to the assumed one. Figure 4-13 shows the output power for 
the multi-impact harvester operated under different excitation frequencies. All the parameters for 
the harvester are the same as in table (1). It can be found that the peak power occurs at the 
frequency of 4.7 Hz that is the actual resonant frequency for the system. During the vibration of 
the hung mass, the cantilever beams resist the motion of the hung mass and bring extra “stiffness” 





Figure 4-13. Output power under different excitation frequencies 
 
4.4.5 Comparison with conventional cantilever beam-based harvester   
 
A comparison of the performances between the multi-impact harvester and the 
conventional cantilever beam based harvester is made in this section. The conventional harvester 
consists of a cantilever beam with a piezoelectric patch attached on its surface and a proof mass 
mounted at its tip. For the convenience of comparison, the mass and piezoelectric patches are the 
same as the ones used in the multi-impact harvester. Since the resonance frequency of the 
cantilever beam should be tuned to 4.5 Hz, i.e., the frequency of the external excitation, the 
stiffness of the cantilever beam is required to be small. Material ABS is selected for the 
cantilever beam due to its small modulus. The length and width of the beam are determined by 
the dimension of the piezoelectric patch and the proof mass, and the thickness is determined by 
the required resonance frequency (table 4-2). The design for the cantilever beam is optimized 
regarding to the energy output of the harvester. Only one patch is attached on the beam since 
more patches will increase the stiffness of the beam, which leads to a higher resonant frequency 
than the required one. It actually reveals one of the disadvantages for the conventional cantilever 
beam based harvester: the selection of material and piezoelectric patch are largely restricted 
when the harvester is aimed at low frequency operations and the restrictions make the design and 
manufacture difficult or sometimes even infeasible. Under the same external vibration, the 
maximum displacement is set at 30 mm that is the same as the one for the multi-impact harvester. 
  
Table 4-2. Parameters for numerical simulation of ABS cantilever beam 
 
Polymer cantilever length (mm) 60 
polymer cantilever width (mm) 35 
polymer cantilever thickness (mm) 1 





Since the displacement of the cantilever beam is large compared with its thickness, the 
Euler-Bernoulli beam assumption cannot be used and the strain on the piezoelectric patch cannot 
simply be calculated from the displacement of the beam tip. Therefore, a FEM model is used 
(figure 4-14) and a nonlinear analysis is conducted for the cantilever beam to deal with the large 
deformation issue. From the FEM model, the strain on each element of the piezoelectric patches 
can be obtained and then exported to the Matlab platform for further calculation. The linear 
piezoelectric theory is applied and the same calculation process is used as in the numerical 
simulation for the multi-impact harvester. As a result, the maximum average power output 
obtained is 2 mW for the conventional harvester, while, under the same external excitation, the 
average output power for the multi-impact harvester is more than 4 times larger. In addition, 
since the cantilever beam sweeps through a large space with the vibration of the proof mass, the 
conventional cantilever beam based harvester occupies much more room than the multi-impact 
harvester even when the proof mass and the maximum displacements are set to be the same. 
Therefore, if the allowed operational space is the same for the two harvesters, the energy output 




Figure 4-14. FEM model for conventional cantilever beam-based harvester 
 
4.4.6 Comparison with single impact harvester 
 
Comparison between the single impact harvester and the multi-impact harvester is also 
made. The configuration for the single impact harvester can be seen in figure 4-2(a). The mass, 
cantilever beam, and piezoelectric patches used are the same as the ones used for the multi-
impact harvester. The driving beam is simplified and treated as the spring used in the multi-
impact harvester. The external excitation is a sinusoidal vibration at a frequency of 4.5 Hz with 
0.4 G amplitude. Figure 4-15 shows the output voltage from the single impact harvester. It can 
be observed that only two impacts happen during each cycle. The cantilever beams are pushed 
away and then vibrate freely between two impacts. The average output power at the stable state 
for the single impact harvester is 2.35 mW that is much less than the one generated by the multi-




there are much more impacts during the vibration for the multi-impact harvester, which gives a 
much higher energy density. The result proves that the multi-impact harvester can successfully 




Figure 4-15. Output voltage for single impact harvester 
 
4.5 Conclusion  
 
A multi-impact piezoelectric harvester is proposed to enhance the performance of the 
energy harvesting at a very low frequency. The harvester takes the advantages from both the 
conventional cantilever beam based harvester and the single impact harvester. A high energy 
transfer efficiency and high absorbed energy can be achieved by introducing a series of 
sequential impacts in one vibration cycle. A theoretical model for the harvester is presented 
based on four governing equations of motion. A distributed-parameter electromechanical 
modeling is used for modeling the bimorph cantilever beams in the harvester. The vibration of 
the system under harmonic excitations and the energy output are calculated using a numerical 
method. The simulation results show a significant increase in output power for the energy 
harvesting at a low frequency (4.5 Hz) that is suitable for the application in civil infrastructures. 
Different parameters of the multi-impact harvester are discussed, providing guidance for its 
design and manufacture. Since the concept has been proven, the experimental study and its 
applications to civil infrastructures, such as bridges, using more realistic excitations, are under 
way and will be reported later.   
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CHAPTER 5. EXPERIMENTAL STUDY OF THE MULTI-IMPACT  
            ENERGY HARVESTER UNDER LOW FREQUENCY EXCITATIONS 
 
5.1 Introduction  
 
Piezoelectric based energy harvesting has gained many attentions and interests and has 
been intensively studied both theoretically and experimentally in the last few decades [1-7]. 
Different harvesting devices and strategies have been proposed in order to achieve higher output 
power and larger bandwidth of the harvesters [8-17]. One of the study interests is its applications 
in the environment with low frequency vibrations which can be observed in our daily life such as 
people in moving or a bridge vibration with passing vehicles [18, 19]. For example, energy 
harvesting can provide a potential energy source to consistently power medical devices 
implanted in a human body or wireless sensor nodes placed on a civil infrastructure. In either 
case, replacing battery is expensive or sometimes even impossible. A few studies have been 
conducted to improve the low frequency performance of energy harvesting [20, 21]. One of the 
ideas is up-converting the external low frequency vibration into a high frequency one in the 
harvester by impacting [22, 23]. It can increase the harvesting efficiency and therefore improve 
the harvesting performance. Based on a similar idea, a multi-impact energy harvester was 
proposed and theoretically studied by the first and second authors[24]. The multi-impact 
mechanism enables several impacts instead of one for the frequency up-converting during each 
vibration cycle of the harvester. Compared with other energy harvester utilizing impact 
mechanism, higher output power, improved durability and decreased size are expected based on 
the previous theoretical study of the harvester [24]. In this paper, an experimental study of the 
multi-impact energy harvester is presented. The proposed harvester is tested by using a 6 degree 
of freedom (DOF) shake table. Sinusoidal vibrations and vibrations of a steel girder bridge 
model are used as the excitation inputs. The performance of the harvester under different 
vibration amplitudes, frequencies, external resistances and various bridge vibration conditions 
are studied. A comparison between the theoretical prediction and the experiment result of the 
proposed harvester is also presented. Meanwhile, a piezoelectric cantilever based energy 
harvester is machined and tested for a performance comparison with the multi-impact harvester.  
 
5.2 Design of the multi-impact energy harvester and experiment setup 
 
A major concern on the piezoelectric based energy harvesting in civil infrastructures is 
the low frequency vibration excitation a harvester can collect energy from, which brings the 
harvester two main problems, namely, the low harvesting output power and the large occupied 
space. To improve the harvesting performance under low frequency vibrations, a multi-impact 
energy harvester was proposed [24]. As shown in figure 5-1, there are two piezoelectric 
cantilever beams and a spring-mass system in the multi-impact harvester system. The general 
idea is to convert an external low frequency vibration into a high frequency one on the 
piezoelectric patch by a series impacts between the vibration mass and piezoelectric cantilevers. 
During the operation, the hung mass vibrates vertically at a low frequency which is close to the 
frequency of the external vibration. The rollers move with the mass and repeatedly impact the 
bulges on the tips of the cantilevers. As a result, the impacts trigger high frequency vibrations in 
the horizontal direction on the cantilevers. During this process, the kinetic energy of the external 




usable electric energy by the attached piezoelectric patches. Very similar to the case of plucking 
a string with a finger, moving the strings slowly (or exciting the cantilever directly with a low 
frequency) cannot generate a high frequency vibration on the string (or on the cantilever). A 
single quick plucking (or a single impacting) can trigger a high frequency vibration but the 
vibration recedes quickly and an uncontrollable plucking (or impacting) can break the string (or 
the cantilever) easily. Only repeatedly plucking the string (or multi-impacting the cantilever) can 
keep the string (or the cantilever) vibrating continuously and a controllable plucking strength (or 
a impacting strength) can avoid the string (or the cantilevers) from broken. 
 
 
(a) Sketch of Multi-Impact Harvester  
 
 
(b) Picture of Multi-Impact Harvester 
 




Figure 5-2 illustrates the experiment setup for demonstrating the multi-impact harvester 
and testing its performance. The rollers are free to rotate for reducing the friction and therefore 
the energy dissipation during the impacting process. The positions of the rollers, spring and 
cantilevers can be adjusted to reach the optimal working status. One piezoelectric patch PI® P-
876 is attached on the surface of each cantilever. The properties of the piezoelectric patch can be 
found in Table 5-1. The harvester is excited by the shake table Moog® 2000E which has 6 
degree of freedom. IOtech® wave book 512 is used as the data acquisition system for collecting 
the voltage signal from the harvester. Since the output power of the energy harvester is related to 
the resistances in the external circuits, two variable resistors are connected into the circuits for 
the two patches. The values of the two resistors are adjusted identically all the time during the 
experiment.    
 



















5.3 Energy harvesting under sinusoidal wave excitations   
 
5.3.1 Free vibration without piezoelectric cantilever beams 
   
At first, the multi-impact harvester is tested with the two piezoelectric cantilever beams 
removed. A string connecting the hung mass and the harvester base keeps the spring extended. 
Then the string is cut and a free vibration is triggered on the mass-spring system. The free 
vibration of the hung mass is recorded by an acceleration sensor attached on it (Figure 5-3). By 
processing the signal in the frequency spectrum, the fundamental natural frequency of the mass-












5.3.2 Forced vibration with piezoelectric cantilever beams 
 
The two piezoelectric cantilever beams are then assembled to form the multi-impact 
harvester system. A sinusoidal wave signal is input into the shake table to generate a sinusoidal 
excitation for the harvester. The amplitude of the excitation is 0.29g and its frequency was set at 
2.71Hz which is the same as the fundamental natural frequency of the spring-mass system. 
Figure 5-5 shows the voltage output from one of the piezoelectric patches in the harvester. It can 
be observed that the voltage output can be divided into six parts by several low voltage areas. 
Each part indicates one passage of the hung mass moving from the bottom position to the top 
position or from the top position to the bottom position. At the bottom or the top position, the 
hung mass has the lowest speed and generates minimum impact to the piezoelectric cantilever 
beams which results in the low voltage areas. Moving between the top position and the bottom 
position, the hung mass impacts the piezoelectric cantilevers harder with a larger moving speed, 
which generates a higher voltage output. The phenomenon of the multi-impact can be clearly 
observed during the experiment which drives the cantilevers to vibrate continuously. From figure 
5-5, the voltage frequency is about 120 Hz which is close to the fundamental natural frequency 
of the cantilevers. It indicates that the high frequency free vibrations of the cantilevers are 




Figure 5-5. Output voltage of multi-impact energy harvester under sinusoidal vibration 
 
To test the effect of the resistance in the external circuit of the harvester, various 
resistances ranged from 0.66 KΩ to 198.6 KΩ are used in the experiment. The output powers 
from the multi-impact harvester with different resistances are shown in figure 5-6. As a 
comparison, a numerical model of the multi-impact harvester used in the experiment is built and 




MATLAB-based software developed by the authors [24]. The simulation results are also 
illustrated in the figure. In the figure, the curve with round dots is the results from the theoretical 
simulations and the curve with triangular dots is the results from the experiment. It can be found 
that the experiment results match the theoretical prediction very well. The maximum output 
power is 7.7 mW from the experiment. The theoretical optimal resistance is 11 KΩ for the 
specified harvester, while the maximum output power is generated with the resistance of 9.7 KΩ 
in the experiment.   
 
 
Figure 5-6. Average output power of multi-impact harvester with different resistances 
 
The sensitivity of the multi-impact harvester to the excitation frequency is examined.  
Sinusoidal excitations with different frequencies are used with an amplitude of 0.29g and the 
external resistances are both set at 9.7 KΩ in the circuits. The harvester is tested under the 
frequencies from 1.27Hz to 3.27Hz and the results are shown in figure 5-7. It can be observed 
that the maximum output power can be obtained when the excitation frequency is 2.71 Hz. 
Decreasing or increasing the excitation frequency from the optimal one can significantly 
decrease the output power. The optimal frequency is observed to be the same as the fundamental 
natural frequency of the mass-spring system in the harvester although the two piezoelectric 
cantilever beams are added into the harvester and involved into the vibration of the spring-mass 
system. During the vibration, the time period is very short when there are interactions between 
the hung mass and the cantilever beams through the contact of bulges and teeth.  The spring-
mass system vibrates by itself for most of the time. Therefore, when the external excitation has  
the same frequency as the fundamental natural frequency of the spring-mass system, the hung 
mass can  resonate with the excitation more easily. As a result, the fundamental natural 
frequency of the mass-spring system determines the optimal excitation frequency of the harvester. 
From the figure, the output power is lower than half of the maximum one when the excitation 




the multi-impact harvester is about 1 Hz which indicates the frequency sensitivity can still be a 




Figure 5-7. Average output power of multi-impact harvester with different excitation frequencies 
 
The excitation amplitude also affect the output power. Different sinusoidal excitation 
amplitudes ranged from 0.19g to 0.39g are used to drive the multi-impact harvester. The 
excitation frequency is 2.71Hz and the external resistance is 9.7KΩ. The output power under 
various excitation amplitudes are plotted in figure 5-8. As expected, the output power increases 
with the increasing excitation amplitude. With a larger excitation amplitude, more kinetic energy 
is input into the harvester and therefore, increases the harvesting output power. It is noteworthy 
that the output power increases almost linearly when the excitation amplitude is increased from 
0.19g to 0.3g, but the output power increase rate drops when the excitation amplitude is larger 
than 0.3g.  The reason for the reduction of the increase rate is that the stop beams in the harvester 
limit the vibration of the hung mass when its amplitude reaches a certain level. When the 
excitation amplitude is larger than 0.3g, the hung mass starts to hit the stop beams and the extra 
input energy due to the increased excitation amplitude is partially absorbed by the stop beams. 







Figure 5-8. Average output power of multi-impact harvester with different excitation amplitudes 
 
5.4 Energy harvesting under excitation of bridge-vehicle coupled vibration 
 
The multi-impact energy harvester is designed for harvesting energy from the vibrations 
of civil infrastructures that typically have low vibration frequencies. In the present study, a short 
span slab-on-girder bridge is modeled for testing the performance of the proposed harvester in 
civil infrastructures. The bridge is designed in accordance with AASHTO LRFD bridge design 
specifications (AASHTO 2012). The span length of the bridge is 12 m (39.4 ft) and the width is 
13m (42.7ft). Two vehicle lanes are accommodated in each traffic direction of the bridge. The 
concrete deck is 0.18m (7 in) thick and the haunch is 0.04m (1.6 in) high. All of the seven steel 
girders have a W27×94 section and have an even spacing of 2m (6.6 ft). A steel channel section, 
C15×33.9, is used as the cross-frame. As shown in the figure 5-9, a finite element model is built 
using ANSYS. The damping ratio for the whole model is assumed to be 0.02 [14].  
 
Since the wind load is very small on the selected bridge, only the passing vehicles are 
considered as the excitations for the vibration of the bridge. The design live load for the 
prototype of the bridge is an HS20-44 truck. Therefore, this three-axle truck is chosen as the 
prototype of the vehicle in the present study. Figure 5-10 is a schematic plot of the truck and its 
properties can be found in Table 5-2 [26]. A MATLAB program named BIRDS-BVI (laboratory 
of Bridge Innovative Research and Dynamics of Structures-Bridge Vehicle Interaction) is used to 
build the bridge-vehicle coupled system and obtain its dynamic response under various 
conditions including vehicle speed, vehicle number, bridge surface roughness, etc. With the 
program, the vibrations of the bridge are simulated and are used in the experimental test for the 




studies of the research group [25, 26, 27] and the simulated bridge vibrations are sufficiently 









                   (a)Front view                                               (b) Side view 
 








Table 5-2. Major parameters of theHS20-44 truck [26] 
 
Mass of truck body 1 2612 (kg)
Pitching moment of inertia of truck body1 2022 (kg.m2)
Rolling moment of inertia of tuck body 1 8544 (kg.m2)
Mass of truck body 2 26113 (kg)
Pitching moment of inertia of truck body2 33153 (kg.m2)
Rolling moment of inertia of tuck body 2 181216 (kg.m2)
Mass of the first axle suspension 490 (kg)
Upper spring stiffness of the first axle 242604 (N/m)
Upper damper coefficient of the first axle 2190 (N.s/m)
Lower spring stiffness of the first axle 875082 (N/m)
Lower damper coefficient of the first axle 2000 (N.s/m)
Mass of the second axle suspension 808 (kg)
Upper spring stiffness of the second axle 1903172 (N/m)
Upper damper coefficient of the second 
axle 
7882 (N.s/m)
Lower spring stiffness of the second axle 3503307 (N/m)
Lower damper coefficient of the second 
axle 
2000 (N.s/m)
Mass of the third axle suspension 653 (kg)
Upper spring stiffness of the third axle 1969034 (N/m)
Upper damper coefficient of the third axle 7182 (N.s/m)
Lower spring stiffness of the third axle 3507429 (N/m)









 The proposed harvester is assumed to be placed at the mid-span position of the center 
girder since it is usually the location with the highest excitations. The vehicles pass the bridge 
one after another with a constant time interval and identical speed of 90km/h. By using the 
program BIRDS-BVI, the vibrations of the selected point on the bridges can be obtained. The 
vibration information is then input into the shake table to simulate the bridge vibrations and 
excite the energy harvester. Three input signals corresponding to the bridge vibrations with three 
different road conditions: poor, average, and good, are used in the test. Each input signal lasts 60 
seconds. Figure 5-11 (a) shows a typical signal under the average surface condition and figure 5-
11 (b) shows the last part of the signal. During the test, different external resistances are used for 








(a)                                                                         (b) 
 
Figure 5-11. Input signal for shake table (a) first 60 seconds and (b) last part: displacement of 
bridge with average surface condition 
 
From the figure, the optimal resistance 9.7KΩ can be observed for the harvester under 
different bridge vibrations. It is the same as the optimal resistance for the harvester under 
sinusoidal excitation as discussed earlier. For a piezoelectric based energy harvester, its optimal 
external resistance can be estimated by the following equation [1]:  
 
R                                                                    (5-1) 
 
Where,	s is the thickness of piezoelectric layer, b and L is the width and length of piezoelectric 








Eq. (5-1) is the general equation of the optimal resistance for a cantilever base 
piezoelectric energy harvester. Although, the proposed energy harvester has a more complicated 
formation and its optimal resistances cannot accurately be calculated by using Eq. (5-1). The 
equation shows the relationship between the optimal resistance and the properties of the 
harvester and excitation. Under different excitations with the same optimal frequency, the 
optimal resistance is the same for the multi-impact harvester. It can also be found that a poorer 
road condition leads to higher bridge vibration and thus there is more kinetic energy for a 
harvester to collect. 
 
5.5 Comparison with a traditional cantilever based energy harvester 
 
A piezoelectric cantilever based energy harvester is machined and tested for a purpose of 
comparisons. The harvester and the experiment setup are shown in Figure 5-13. The same 
excitations as for the multi-impact harvester are used. To match the low frequency of the 
excitation, low stiffness material Acrylonitrile Butadiene Styrene (ABS) is used to build the 
cantilever considering its low modulus. The same piezoelectric patch is attached on the ABS 
cantilever. Only one patch is used since an extra one will make the cantilever too stiff to resonate 
with the low frequency excitations. This actually shows a limitation of the traditional cantilever 
based harvesters when they are applied in the environment with low frequency vibrations. The 
same hung mass in the multi-impact harvester is used as the proof mass for the cantilever based 
harvester. Two stoppers are placed above and underneath the proof mass. The two stoppers allow 
the proof mass to move 30 mm upward or downward which is also the same as the displacement 
allowed to move in the case of the multi-impact harvester. Different external resistances ranged 








The cantilever based harvester is first excited by a sinusoidal vibration. The amplitude of 
the excitation is 0.29g and its frequency was set as 2.71Hz which is the same as the excitation for 
the multi-impact harvester. Figure 5-14 shows the average output power of the cantilever based 
harvester. From the figure, it can be observed that the maximum output power can be obtained 
with the external resistance of 761KΩ which is much higher than the optimal external resistance 
for the multi-impact energy harvester. From Eq. (5-1), the higher optimal external resistance for 
the cantilever based harvester is due to its much lower natural frequency compared with the 
multi-impact harvester.  The maximum output power for the cantilever based harvester is 1.6 
mW which is only 20% of those from the multi-impact harvester. Since the two energy 
harvesters have the same mass, piezoelectric patch, and maximum amplitude of vibration, the 
multi-impact harvester shows a much better energy harvesting performance than the traditional 




Figure 5-14. Average output power of the cantilever harvester under sinusoidal vibrations with 
different resistances 
 
Even though the friction between the roller and the bulge in the multi-impact harvester 
causes extra energy dissipations to the system, the mechanical damping ratio of the cantilever 
based harvester is much larger than the one for the multi-impact harvester. For an impact based 
energy harvester, the vibration frequency of the system is up-converted with comparably small 
increasing in damping coefficient of the system. The damping ratio of the cantilever is therefore 
actually decreased [21, 24]. Besides, for matching the low excitation frequency, the cantilever 
based harvester used in the experiment is made of ABS which has a much higher damping ratio 
than the steel spring and aluminum used in the multi-impact harvester. As a result, a large 
portion of energy input into the cantilever based harvester is dissipated by its mechanical 
damping rather than being converted into electric energy. Besides, higher damping makes the 
system harder to be excited which also depresses the low frequency performance of the 
traditional cantilever based energy harvester. It can be observed in the tests that the multi-impact 




based harvester under the same excitation. At last, the vibration frequencies of the piezoelectric 
cantilever beams in the multi-impact harvester are up-converted from 2.71 Hz to more than 120 
Hz through multi-impact. The piezoelectric based energy harvesting benefits from the high 
frequency vibration.  It results in a higher strain changing rate on the piezoelectric patches and as 
a result, a larger output power can be obtained from the harvester.  
 
Figure 5-15 shows the average output power for the cantilever based harvester under the 
excitations of the bridge vibrations with three different road conditions. Different external 
resistances ranged from 9.7KΩ to 1000KΩ are used for the test. Since the frequencies of the 
bridge vibrations are the same, same optimal external resistance 761KΩ can be obtained for the 
cantilever based harvester under different bridge vibrations. Compared with the output power of 
the multi-impact harvester under the bridge vibrations, the output power of the cantilever based 
harvester is much smaller. The output power difference between the two harvesters under the 
bridge vibrations becomes even larger than the one under the sinusoidal vibrations. For example, 
for the poor road surface condition, the maximum output power of the cantilever based harvester 
is only 5% of that of the multi-impact harvester. It is mainly due to the high mechanical damping 
of the cantilever based harvester as aforementioned. Since the vibrations of the bridge used in the 
experiment have smaller amplitude and are more random than the sinusoidal vibrations, the 
cantilever based harvester is very difficult to be excited and to resonate with the bridge 
vibrations while the multi-impact harvester can resonate more easily in the test. This shows 
another advantage of the multi-impact harvester over the traditional cantilever based harvester 
under vibrations with small amplitudes. With higher harvesting efficiency, the multi-impact 
harvester has much larger energy output than the cantilever based harvester under bridge 
vibrations. In the experiment, different road conditions are also considered. Better road condition 
decreases the output power of the cantilever base harvester because less kinetic energy is input 









5.6 Discussions and conclusions  
 
A multi-impact energy harvester is designed for the low frequency vibrations of civil 
infrastructures such as bridges that usually have natural frequencies less than 10 Hz. The basic 
idea is to up-convert the external low frequency vibrations into high frequency ones on the 
piezoelectric cantilevers in the proposed harvester and therefore improve the harvesting 
efficiency. Based on the theoretical study of the harvester in the previous paper [13], a model 
made of steel and aluminum is machined and assembled. Its dynamic properties and energy 
harvesting performance are experimentally tested and presented in this paper. Two kinds of 
excitations are applied on the harvester: (1) Sinusoidal vibrations; (2) Simulated bridge 
vibrations.  
  
Excited by the sinusoidal vibrations, the phenomenon of multi-impact can be obviously 
observed during the experiment and can be proven by the recorded output voltage from the 
harvester. The harvester works smoothly with continuous multi-impact between the hung mass 
and piezoelectric cantilevers. It shows that the multi-impact mechanism can be realized when the 
harvester is properly designed and produced. From the experiment results, it can be observed that 
the optimal excitation frequency for the harvester is determined by the fundamental natural 
frequency of the spring-mass system inside the multi-impact harvester. Maximum output power 
can be obtained when the two frequencies are the same. The external resistance can also 
influence the harvesting performance. Optimal resistance of 9.7 KΩ is found for the proposed 
harvester in the experiment which is close to the theoretical prediction according to the previous 
study. The harvesting output power of the harvester increases with a larger excitation amplitude 
because more kinetic energy is introduced into the harvester. However, the output power cannot 
increase limitless with the increase of the excitation amplitude. The reduction of the output 
power increase rate can be observed in the experiment when the excitation amplitude reaches a 
certain level. In this case, more impacts between the hung mass and the stop beams can be 
noticed which dissipate the input energy and cannot contribute to the increase of the output 
power.  
 
Excited by the simulated bridge vibrations, the operation of the proposed harvester is not 
as smooth as the one under the sinusoidal excitation. Sticks between the bulges of the 
piezoelectric cantilevers and the teeth happen more frequently during the experiment. However, 
the harvester keeps working and the multi-impact happens all through the operations even with 
the interruption of the sticks. From the experiment results, poorer road condition benefits the 
energy harvester due to the higher input energy.  
 
Compared with the cantilever based energy harvester, the energy output power from the 
multi-impact harvester is much higher in both excitation cases. It proves the proposed harvester 
has a better harvesting performance than the traditional one under low frequency vibrations. Up-
converted vibration frequency gives the proposed harvester a higher harvesting efficiency. 
Besides, the multi-impact harvester is easier to be excited than the cantilever based harvester 
under bridge vibrations in the experiment. It indicates that the multi-impact harvester is more 
suitable than the traditional ones in when applied to civil infrastructures. However, more 
research and studies are required to fit the proposed harvester into electric devices with different 




and the teeth on hung mass also needs to be resolved in the future study. Meanwhile, the 
bandwidth of the proposed harvester is still relatively small which will reduce its efficiency and 
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CHAPTER 6. LOW FREQUENCY NONLINEAR ENERGY HARVESTER  




Vibration-based energy harvesting is the process of accumulating electric energy from 
the ambient vibration. Linear resonant harvesters were first studied on both their modeling and 
applications [1-3]. However, the size and the frequency sensitivity of linear resonant harvesters 
have limited their developments and applications. To reduce the operation space of an energy 
harvester and improve its robustness, dynamic nonlinearities were intentionally introduced into 
the energy harvesting [4-6]. It gives the harvester the potential of both compact size and larger 
bandwidth.  Nonlinear harvester can be realized mainly through two ways: (1) nonlinear stiffness; 
(2) bi-stable vibration. Most of the recent studies on nonlinear energy harvesting are focused on 
these two mechanisms.  
 
Hajati and Marinkovic both proposed nonlinear piezoelectric energy harvesters in MEMS 
scale based on a similar idea.  Nonlinear stiffness was realized by introducing several doublly 
clamped beams with large deformations into the system. Excited by external vibrations, there is 
not only bending strain but also uniform tensile strain along the beams which leads to nonlinear 
stiffness and keeps the system close to resonance amid a wide range of frequencies and 
amplitude [7], [8]. Formosa proposed a bi-stable oscillator as a wide bandwidth energy 
harvesting device. The system has two stable and one instable equilibrium positions. The system 
can vibrate in the vicinity of one of the two local stable equilibrium positions and can also have 
large movement jumping from one equilibrium position to another. Based on this phenomenon, 
an appropriate energy harvesting mechanism was developed [9].  Arrieta proposed an energy 
harvester made of a bi-stable composite plate with bonded piezoelectric patches on it. The 
buckled plate can vibrate at one of its two stable positions and switch quickly from one to 
another.   The flexible piezoelectric patches on the plate then convert the oscillations into usable 
electric energy which gives a broadband energy harvesting device [10].  Seok proposed an 
energy harvester that utilized the mechanism of snap-through buckling. The proposed harvester 
consists of buckled slender bridges with a proof mass and cantilever beams attached on them. 
When subjected to a low-frequency vibration above the threshold acceleration value, the buckled 
bridges snap through between two equilibrium states, providing a high acceleration to the 
attached piezoelectric cantilever beams and thus causing them to resonate at a high frequency 
and generate electric energy [11]. Ferrari proposed an energy harvester that consists of a 
piezoelectric beam coupled with two permanent magnets to create a bi-stable system. The system 
bounces between the two stable states in response to random excitations, which significantly 
improves energy harvesting from wide-spectrum vibrations [12].  Mann proposed a novel energy 
harvester that uses magnetic interaction to create an oscillator with a bi-stable potential well. It 
shows that the potential well escape phenomenon can used to broaden the frequency response of 
an energy harvester [13]. 
 
Since the vibrations of a civil infrastructure are usually at a low frequency range which is 
also wide for a linear energy harvester to cover, a new type of harvester which aims on wide low 
frequency range is required for its application on civil infrastructures. In the present chapter, a 
nonlinear multi-impact harvester utilizing magnet levitation is proposed and its mechanism is 




different sinusoidal excitations and bridge vibrations are tested. The simulation result shows a 
better robustness of the harvester under low frequency excitation can be obtained which can a 
good energy harvester applied on civil infrastructures.   
 
6.2 Design of the nonlinear harvester 
     
A schematic diagram of the proposed energy harvester is shown in Figure 6-1. The 
system consists of two outer magnets, one center magnet and four doubly clamped piezoelectric 
beams with triangle bulges at their centers. The center magnet works as a proof mass and is 
placed between the two outer magnets. The magnetic poles of the outer are both oriented to repel 
the center magnet. By manipulating the mass, magnetic density and displacement of the three 
magnets, the center one can be suspended in vertical direction. As shown in Figure 6-1 (b), on 
each vertical face of the center magnet, there are two steel plates mounted on its edges which are 
both perpendicular to the face.  A series of rollers are mounted between the two plates and they 
are free to rotate. When the center magnet is excited to vibrate, the rollers can move with the 
center magnet.  As shown in Figure 6-1 (c), in the gaps between each vertical surface of the 
center magnet and its corresponding rollers, the four piezoelectric beams are placed parallel to 
the vertical surfaces of the center magnet. The tips of the beams are fixed to the vertical surfaces 
of the outer magnets.  Although the rollers cannot contact the piezoelectric beams, the distance 
between them is so small that the rollers can contact the bulges at the center of the beams.  
Therefore, the horizontal movement of the center magnet is restricted. The four piezoelectric 
beams work not only as a transducer but also work together as a guide tuber for the harvester. 
When excited by external vibrations, the center magnet can resonate vertically between the two 
outer magnets. The rollers move with the center magnet along the piezoelectric beams. When the 
rollers hit the triangle bulges at the center of the beams, the roller push the bulges away from 
their neutral axis in the horizontal direction. After pushing the piezoelectric beams away, the 
rollers can pass through the bulges and allow another hitting from the next roller. Therefore, in 
each vibration cycle of the center magnet, the piezoelectric beams are impacted for several times 
and vibrate freely between each impact. Detailed description about the multi-impact can be 
found in the previous paper of the authors [14]. The vibrations on the piezoelectric beams can 
then be transferred into electrical energy. Since the restoring forces between the magnets are 
nonlinear, the harvester is a nonlinear system which gives the harvester the potential of wide 
harvesting frequency range. The modeling and theoretical study of the proposed harvester is 
presented in the following section.  
 
6.3 Modeling of the nonlinear harvester   
 
The magnetic flux density at the location r  due to a magnet located at r  is described by 





                                                           (6-1) 
 
where μ  is the permeability of free space,  is the vector gradient, /  is a vector from 
source magnet  to the point of interest at location , and  is the magnetic moment of the 









Figure 6-1. (a) Schematic plot of the nonlinear energy harvester (b) plot of the harvester with two 
piezoelectric beams removed (c) vertical view of the harvester with two piezoelectric beams 
removed 
 




The magnetic moment is defined by: 
 
                                                                (6-2) 
 
where  is the magnetization and volume of the source magnet 
     
The potential energy of magnet at location r  in the field generated by the source magnet 
is: 
 
∙                                                               (6-3) 
 
where  is the magnetic moment of the magnet located at  
 
The potential energy of the center magnet in the energy harvester can be expressed as: 
 
                                               (6-4) 
 
where   and  are the magnetization amplitudes of the center and tip magnets (magnets in 
the top and the bottom of the harvester), respectively,  is the half-spacing between the two tip 
magnets, and  is the displacement of center magnet relative to its equilibrium position.   
The restoring force between the center magnet and the tip magnets can be obtained from 
the derivative of the potential energy with respect to y as follows:  
 
                                      (6-5) 
 
6.3.1 System modeling for no contact situation  
     
To obtain the tip displacement of the composite beams and the displacement of the center 
magnet, some assumptions are made and four governing equations of motion can then be written 
for different system status. When the system is stable, the two nearby teeth are d/2 away from the 
axis of the bulge and the cantilever beam is in its neutral position. With no contact between the 
hung mass and the piezoelectric beam, they are two independent systems and their vibrations can 
be obtained from their own governing equations, respectively.      
To simplify the modeling process, the hung mass is modeled as a SDOF system. Since 
the external excitation is along the x direction, the motion of the hung mass by itself without 
contacting piezoelectric beam can be described by the equations below: 
 
m c m                                       (6-6) 
 
where u t  is the displacement of the hung mass in the vertical direction (x direction),  is the 
mass of the hung mass, a is the amplitude of excitation acceleration, and  and  are the 






Eq. (6-6) can be rewritten as: 
 
2μ                                          (6-7) 
 
where 2μ  . 
     
Figure 6-2 shows the displacement of the center magnet under excitations with different 
frequencies. The forward frequency sweeps are obtained by using an excitation of the form: 
 
  Acos ω ω t t                                             (6-8) 
 
Where ω 0.0628	Hz  is the initial frequency, A is the excitation amplitude, and ω
0.0627Hz/s is the frequency sweep rate.  
 
In Figure 6-2, the excitation amplitude is 0.2G  and the parameters of the proposed 
harvester for simulations can be found in Table 6-1. From Figure 6-2, it can be observed that the 
magnet levitation system without contacting the piezoelectric beams can maintain larger 
vibration amplitude in a wide frequency range from 0.1Hz-30 Hz.  The nonlinearity introduced 





Figure 6-2. Frequency sweep for magnet system without piezoelectric beams   
 
For the doubly clamped piezoelectric beam as shown in Figure 6-3, the vibration of the 
beam relative to the base can be represented as a series of eigenfunctions as: 
 
, ∑                                                                 (6-9) 
 
Where  η t  is the modal general coordinate (modal amplitude),  ϕ x  is the mass normalized 






The boundary conditions are: 
 






Table 6-1. Parameters of the low frequency nonlinear energy harvester 
 
Permeability of free space µ0 (H/m) 4π*10e-7 
Magnetization of center magnet Mc (A/m) 10504
Magnetization of tip magnet Mt (A/m) 10504
Volume of center magnet  Vc(m
3) 5.50368E-05
Volume of center magnet  Vt(m
3) 0.00006075
Mass of center magnet m(Kg) 0.40176864
Space between center magnet to tip magnets d (m) 0.005
Length of the piezoelectric beam  L (m) 0.132
Width of the piezoelectric beam  b(m) 0.035
Thickness of the substructure  Ss(m) 0.0002
Mass per unit length of the piezoelectric beam  m(Kg/m) 0.071930303
Elastic modulus of the substructure layer   Es (GPa) 63
Bending stiffness of composite beam  EcI(Nm
2) 0.0844
First undamped natural frequency ω1 1391
Tip angle θ 0.523598767
Distance between the tooth and the upper surface  ∆(m) 0.000858846
Strain rate damping ratio ζr  0.32
Second moment of area I (m4) cross section of composite beam 3.22E-13
Damping ratio of the composite beam ζ1 0.08
Thickness of piezoelectric patch  Sp (m) 0.00014
Piezoelectric constant e31(C m^-2) 11.2
Permittivity (F m^-1) 1.59E-08
Elastic modulus of the piezoelectric layer   Ep (GPa) 23.3
Distance from the neutral axis d1(m) 0.06607
 




sin Sinh            (6-11) 
 
Where L is the length of the beam, 
√
 which is obtained from the orthogonality condition, and 
 can be obtained by the following equation: 
 
cos cosh 1                                                            (6-12) 




The modal general coordinate can be obtained from the equations bellow. It should be 
noted that the left hand side of the equation is zero because no external force is applied in the 
transverse direction of the beam.  
 
2 0                                      (6-13) 
 




where ω  is the undamped natural frequency of the r-th mode,  ζ  is the strain-rate damping ratio, 
E I is the bending stiffness term of the composite cross section for the piezoelectric beam and C  
is the strain rate damping coefficient.  
 
The governing equations for the left side circuit and right circuit as shown in Figure 6-3 
are the same as follows:  
























where, V(t) is the electric field on the piezoelectric patch,  is the thickness of the piezoelectric 
layer,  is the thickness of the substructure, e31 is  the piezoelectric  constant, x  is  the  length of  the 








With Eq. (6-11), Eq. (6-13) and Eq. (6-16), the vibration and electric output power for the doubly 
clamped beam can be obtained.  
 
6.3.2 System modeling for contact situation  
 
As the center magnet moves upward or downward, its rollers can hit the bulges of the 
piezoelectric beams. The collision between the center magnet and the piezoelectric beams is 
relevant to the low-velocity impact which can be classified into four categories [15]. Among the 
four categories, our case is most relevant to the transverse impact of a rigid body on a flexible 
element. The process of impact includes two separate phases: first, when the piezoelectric beams 
and the center magnet contact each other, the two tend to interpenetrate each other and a local 
compression force F develops in their interface [16] as shown in Figure 6-4. With the rollers 
sliding on the bulge, the bending of the piezoelectric beam becomes larger and so does the 
compression force. When the compression force becomes large enough, the center magnet and 
the bulge repulse each other or the center magnet just passes through the bulge before the 
compression force becomes large enough. In either situation, the two separate and become two 
independent systems again. 
 
As shown in Figure 6-4 (b), when the i-th roller hits the upper part of the bulge, the force 
F in the direction perpendicular to the upper face of the bulge is applied to the roller and a 
counterforce in the opposite direction is applied to the piezoelectric beam. Because the rollers are 
symmetrically deployed on the four sides of the center magnet, the component force in the 
horizontal direction cosθF cancels each other and only the resultant force – 4sinθF in the vertical 
direction is applied on the center magnet. Therefore, the new governing equation for the 
displacement of the center magnet u t during the impact is:  
 
2μ                                   (6-19) 
     
For the piezoelectric beam, since its axial stiffness in the vertical direction is much larger 
than its stiffness in the horizontal direction, the axial displacement of the cantilever beams can be 
ignored. Therefore, it can be assumed that only the component force in the horizontal direction 
has effect on the motion of the piezoelectric beam. The force applied on the center of the 
piezoelectric beam in its transverse direction is f , t cosθF t . The governing equation for 
η t  is expressed as: 
 
2ζ ω ω η t cosθF t ϕ                                 (6-20) 
 
where ϕ  is the mass normalized eigenfunction of the r-th vibration mode, and ω  and ζ  can be 
obtained from Eq. (6-14) and Eq. (6-15), respectively.  
     
As a result, the vibration of the bulges at the center of the piezoelectric beams can be 
obtained from the following equation: 
 





In the present study, only the first mode is under consideration.  
 
 
                            (a)                                       (b)                                                (c) 
Figure 6-4. (a) Dimension of piezoelectric beam bulge, (b) force diagram when roller hits upper 
bulge, (c) force diagram when roller hits bottom bulge 
     
In the present simulation, 20 rollers are mounted on each side of the center magnet and 
the bulges are initially located between the 10th and11th tooth as shown in Figure 6-4 (a). When 
the center magnet and the piezoelectric beams keep contacting and moving together during the 
impact, if the i-th roller contacts the up face of the bulge, the relationship between the 
displacement of the center magnet u t  and the displacement of the bulge at the center of the 
piezoelectric beam w t  can be described by the following equation: 
 
w t ϕ η t tanθ u t ∆ i 11 d                               (6-22) 
     
From Eq. (6-21), the two governing equations can be combined into one equation: 
 
1 2μ u t
∆ i 11 d                                                                                    (6-23) 
     
For the i-th roller, the contact on the up face of the bulge happens only if both the two 
conditions are satisfied: 
 
(a) ∆ i 11 ∗ d u t i 11 ∗ d 
(b) F t 0                                                            (6-24) 
 
    Similarly, when the i-th roller contacts the bottom face of the bulge, the combined 





1 2μ u t
∆ 10 i d                                                     (6-25) 
     
For the i-th roller, the contact on the bottom face of the bulge happens only if both the 
two conditions are satisfied: 
 
(a) 10 i d u t ∆ 10 i d 
(b) F t 0                                                           (6-26) 
     
Eq. (6-7), Eq. (6-13), Eq. (6-23) and Eq. (6-25) are the four governing equations for the 
vibrations of the proposed harvester. Eq. (6-24) and Eq. (6-26) are used to determine the contact 
conditions from which the right governing equations can be selected for using. With the 
vibrations obtained, the output voltage and power from the piezoelectric beams can be obtained 




Figure 6-5. Frequency sweep for the nonlinear harvester 
 
The forward frequency sweep is operated for the magnet levitation system without 
contacting the piezoelectric beams. The sweeping results show a large bandwidth can be 
obtained for the system due to its nonlinear stiffness. With the developed model, a forward 
frequency is also operated for the proposed harvester. The interaction between the center magnet 
and piezoelectric beams are included in the simulation. Figure 6-5 shows the sweeping results for 
the proposed harvester. The same excitations as described in Eq. (6-8) are used. From the figure, 
a large bandwidth can be observed although its amplitude is comparatively smaller than the one 
for the magnet system without piezoelectric beams. The smaller amplitude is expected since the 
added piezoelectric beams increase the stiffness of the system and make the center magnet more 




vibrate which indicates the potential for the harvester to generate electrical energy in a wide 
excitation frequency range.  
 
6.4 Case study                         
                   
6.4.1 Sinusoidal excitation  
     
To verify the energy harvesting performance of the proposed harvester, sinusoidal 
excitations with different frequencies and amplitudes are used in the simulation. The excitation 
amplitudes are 0.2G, 0.4G and 0.6G. The excitation frequencies are ranged from 0.5Hz to 10Hz 
with 0.5Hz interval. The external resistance keeps the same as 2KΩ through the simulation.  
Figure 6-6 shows the output power of the harvester versus the excitation frequencies. In the 
figure, the curves with square dot, with round dot and with triangle dot are the output power for 
the 0.2G, 0.4G and 0.6G excitation, respectively. Compared with a similar multi-impact energy 
harvester whose half power bandwidth is about 1Hz [17], the proposed nonlinear harvester has a 
much larger half power bandwidth which ranges between 8 to 10 Hz for different excitations 
from Figure 6-6. It shows the proposed harvester can generate electric energy in wider frequency 
range. Also, the output power of the proposed harvester is higher than the one from the multi-
impact harvester [17]. Totally 16 piezoelectric patches instead of 4 patches are used in the 
proposed harvester, which increases the energy harvesting efficiency in a limited space.  From 
the figure, an optimal excitation frequency of 2.5 Hz can be also observed.   
 
 
Figure 6-6. Output power with sinusoidal excitations of different frequencies 
 
Figure 6-7 shows the output power of the proposed harvester with different external 
resistance.  External resistances from 0.1 to 50 kΩ are used in the simulations. The harvester is 
excited by the sinusoidal vibrations with the same frequency of 2.5 Hz and different amplitudes.  





























power for the 0.2G, 0.4G and 0.6G excitation, respectively. An optimal resistance of  2kΩ can be 




Figure 6-7. Output power under sinusoidal excitations with different external resistance 
 
6.4.2 Bridge vibration  
      
The proposed energy harvester is aimed on the application in the civil infrastructures. 
Since bridges play a very important role in our daily life and have a large potential and need to 
be equipped with energy harvesting devices, bridge structures are selected as the energy 
harvesting platform in the present study. For the testing, 4 finite element bridge models are built 
and their vibrations triggered by passing vehicles are used as the external excitations for the 
harvester. The four bridges are pre-stressed concrete girder bridges with span lengths ranging 
from 16.76 m (55 ft) to 39.62 m (130 ft) and are designed according to the American Association 
of State Highway and Transportation Officials (AASHTO) standard specifications. The natural 
frequencies of the four bridges are 6.581Hz, 4.598 Hz, 3.203Hz, and 2.664Hz, respectively. 
Three different road surface conditions which are good, average and poor are also considered in 
the bridge models. A major design vehicle AASHTO HS20-44 truck is used as the vehicle 
loading for the four bridges. The vehicles are assumed to pass through the bridge one after 
another with constant speed of 90km/h and constant time interval. The vibrations of the four 
bridges are then simulated by a MATLAB program named BIRDS-BVI (laboratory of Bridge 
Innovative Research and Dynamics of Structures-Bridge Vehicle Interaction). Detailed model 
information can be found in the author’s previous published paper [18]. With the simulated 
bridge vibrations, the output power of the proposed energy harvester can be obtained. In present 
study, the harvester is assumed to be placed at the mid-span position of the center girder.  
 
With continuous vehicles passing through the bridges, the proposed energy harvester is 




























60 seconds and its average value is illustrated in Figure 6-8. In the figure, the curves with square 
dot, with round dot and with triangle dot are the output power for the poor, average and good 
road conditions, respectively. From the figure, the bridge with a fundamental natural frequency 
of 2.664 Hz gives the harvester the highest energy harvesting output for all the road conditions 
because its natural frequency is the closest to the optimal excitation frequency as studied in the 
simulation for sinusoidal excitation. The output power decreases with the increasing natural 
frequency of the harvesting platform when the energy harvester is placed on the other three 
bridges. However, the proposed harvester can still generate considerable electric energy even the 
excitation frequency is 4 Hz away from its optimal frequency. It can be concluded from the 
simulation result that the proposed energy harvester has a good robustness and can be used in a 
civil infrastructures with large vibration frequency range. In actual applications, the harvester can 





Figure 6-8. Output power with bridge vibrations of different frequencies 
 
The influence of external resistance is also studied. The output power of the energy 
harvester is simulated under the vibrations of the four bridges with poor road surface condition. 
Different external resistances ranged from 0.1 kΩ to 50 kΩ are used for the simulation. Figure 6-
9 shows the simulation results and the optimal resistances of 2 kΩ, 2.5 kΩ, 3.5 kΩ, and 5 kΩ can 
be observed in the figure for the four bridges with natural frequency of 2.664Hz, 3.203Hz, 4.598 
Hz, and 6.581Hz, respectively. The different optimal resistance is due to the different natural 


































Figure 6-9. Output power under bridge vibration with different external resist 
 
6.5 Discussion and conclusion 
     
The low frequency nonlinear energy harvester is proposed based on the multi-impact 
mechanism. The low frequency excitation can be converted into high frequency vibrations using 
the proposed harvester through multi-impact. Four doubly clamped piezoelectric beams are used 
in the harvester to collect the vibration energy, which gives the harvester a high harvesting 
efficiency in the limited space. By introducing the magnet levitation into the harvester, its 
stiffness changes with the displacement of the center magnet, which makes the harvester a 
nonlinear system.  A larger bandwidth is therefore expected for the harvester. In the present 
study, both sinusoidal excitations and bridge vibrations are used to verify the performance of the 
proposed harvester.  
       
Under the sinusoidal excitations, a frequency sweeping test is conducted for both the 
magnet levitation system without piezoelectric beams and the proposed harvester. The result 
shows that the harvester can vibrate at comparative large amplitudes within a wide frequency 
range from 0.1Hz to about 30 Hz. The output power is also obtained for the harvester under 
sinusoidal excitations at different frequencies from 0.1 Hz to 10Hz and with different amplitudes. 
While there is an optimal excitation frequency existing for the harvester, its half power 
bandwidth, ranging from 8 to 10 Hz for different excitation amplitudes, is much larger than the 
half power bandwidth for the multi-impact harvester studied previously.  A good robustness can 
be concluded for the proposed harvester.  
       
Excited by different bridge vibrations, the harvester can generate considerable energy 
even the natural frequencies of the bridges vary from 2.664 Hz to 6.581 Hz. The high output 
power proves that the proposed nonlinear energy harvester is a good device for the energy 
harvesting in civil infrastructures, especially considering the two major harvesting problems: (1) 
































and more frictions due to additional piezoelectric beams are not considered in the model, the 
simulation results shows a promising way to apply energy harvesting in the field of civil 
engineering. Experimental and field tests are required for the future study.  
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CHAPTER 7. CONCLUSIONS AND RECOMMENDATIONS 
 
In this dissertation, piezoelectric based energy harvesting in bridge structures is studied. 
Two major problems which are low excitation frequency and larger excitation frequency range 
are identified for the application of energy harvesting in civil infrastructures. To improve the 
harvesting performance under low frequency vibrations, a multi-impact energy harvester is 
proposed and investigated theoretically and experimentally. Comparisons between a traditional 
cantilever based energy harvester and the multi-impact energy harvester are conducted. The 
results show that the proposed energy harvester has a higher output power than the traditional 
one under the same conditions. To solve the problem of large excitation frequency ranges, a 
nonlinear energy harvester utilizing magnet levitation mechanism is proposed and investigated 
theoretically. Based on the same multi-impact mechanisms, the nonlinear energy harvester has a 
higher harvesting efficiency and works in a wider frequency range than the previous proposed 
multi-impact harvester.  The simulation results indicate that the nonlinear energy harvester can 
be an idea device for energy harvesting in civil infrastructures.  
 
7.1 Numerical study of piezoelectric based energy harvester in bridge system (chapters 2- 
3)  
 
To obtain a profound and extended understanding of the piezoelectric based energy 
harvester, the distributed parameter beam model and linear piezoelectric model are introduced; 
the distributed-parameter electromechanical model for piezoelectric composite beams is derived; 
and the models for harvesters with a single layer piezoelectric cantilever, bimorph piezoelectric 
cantilever, and doubly clamped piezoelectric beam are also built. With the studied models, 
various formations of piezoelectric harvesters can be theoretically simulated regarding to their 
dynamic response as well as their energy output. Electrometrical coupling effect is fully 
considered in the model in which both direct and inverse piezoelectric effects are simulated 
simultaneously. Therefore, the studied models can provide a more accurate prediction for 
piezoelectric based harvesters under different excitations.  
 
  To test the energy harvesting performance in bridge systems, several slab-on-girder 
bridge models are built using ANSYS.  Together with the energy harvester model, the energy 
harvesting performance in bridge systems is theoretically studied. From this study, the dominant 
vibration frequencies of the bridges are defined and the dominant frequency is proven to be 
critical for the energy harvester to obtain a maximum output power. It is found that one of the 
major challenges for energy harvesting in bridges or other civil infrastructures is the low 
dominant vibration frequency. The wide frequency range of the vibrations is recognized as 
another major challenge for the energy harvesting in civil infrastructures. Both of the challenges 
require new harvester formations or technologies to overcome.  It is also found that the road 
conditions, span length, harvesting positions, and vehicle speed can have a considerable 
influence on the energy harvesting performance. Optimum vehicle speeds for the maximum 
harvesting output power are found and studied. The study can provide guidance for the design 
and application aimed on civil infrastructures. The simulation results show that the obtained 
output power can satisfy or approach the minimum power demand for the sensor nodes. It is 






7.2 Theoretical and experimental study of Multi-impact energy harvester aimed on low 
frequency vibrations (chapters 4- 5) 
 
A multi-impact energy harvester is proposed to improve the energy harvesting 
performance under low frequency vibrations. A theoretical model is built and a parametric study 
is conducted for the proposed harvester. The simulation result shows that a high energy transfer 
efficiency and high absorbed energy can be achieved for the proposed harvester. Compared with 
the conventional cantilever based harvester, a significant increase in output power can be 
achieved for the proposed energy harvester at a low frequency (4.5 Hz) that is suitable for the 
application in civil infrastructures. An optimal external resistance is obtained which largely 
depends on the properties of the piezoelectric beams. Also, an optimal thickness of the 
piezoelectric beam can be found from the simulation. The study indicates that the multi-impact 
harvester can potentially resolve the low frequency problem for the energy harvesting in civil 
infrastructures although the frequency sensitivity can still be a problem.  
 
An experimental study for the multi-impact energy harvester is also conducted to 
demonstrate and test its performance. A model made of steel and aluminum is machined and 
assembled for the experimental study. Its dynamic properties and energy harvesting performance 
are experimentally tested.  Sinusoidal vibrations and simulated bridge vibrations are used as the 
excitations for the harvester. A traditional cantilever piezoelectric harvester is also made for a 
performance comparison. From the test, the multi-impact phenomenon can be clearly observed 
and can be proven by the recorded output voltage from the harvester. The multi-impact 
mechanism can be realized under both sinusoidal and bridge vibrations. Compared with the 
cantilever based energy harvester, the energy output power from the multi-impact harvester is 
much higher in both excitation cases. This proves that the proposed harvester has a better 
harvesting performance than the traditional one under low frequency vibrations. From the test, 
the optimal external resistance can be obtained which matches the theoretical result. Also, it can 
be found through the experiment that the poor road condition benefit the proposed energy 
harvester due to the high input energy.  
 
7.3 A nonlinear energy harvester with large bandwidth utilizing magnet levitation 
(Chapter 6) 
 
A nonlinear energy harvester is proposed aimed on a wider operation frequency range. 
The multi-impact and the stiffness nonlinearity due to magnet levitation mechanism are 
combined in the proposed energy harvester. From the simulation, the power bandwidth of the 
proposed harvester ranges from 8 to 10 Hz under sinusoidal excitations which is much larger 
than the one for the multi-impact harvester studied previously.  Under different bridge vibrations 
of natural frequencies from 2.664 Hz to 6.581 Hz, the harvester can generate considerable 
electrical energy. It proves that the proposed harvester has an improved robustness under low 








7.4 Recommendations for future study  
 
Future researches related to the current study are recommended as: 
The distributed parameter electromechanical model of a piezoelectric composite beam 
can be further improved with more parameters involved.  
 
The performance of the proposed nonlinear energy harvester under excitations of human 
motions is deserved to be investigated. Also, an experimental study and an onsite test (in a real 
bridge) for the proposed harvester should be conducted for testing its performance under various 
kinds of excitations.  
 
Since the dimensions of piezoelectric-based energy harvesters vary significantly 
depending on different applications, the size effect of the harvesters needs to be studied. In 
current study, the research is focused on the macro scale. The proposed energy harvesters in 
MEMS scale are deserved to be investigated. The future work should study the designing, 
manufacturing and performance of the proposed harvesters in MEMS scale. 
 
The fatigue study of the piezoelectric composite beam can be a new research direction. 
Its fatigue performance under high frequency vibrations needs to be theoretically and 
experimentally studied. 
 
Piezoelectric based energy harvesting under the excitations of wind loads can be another 
research area. It is highly recommended that a theoretical model of the harvester-wind interaction 
should be built and a wind tunnel test for piezoelectric based energy harvesting should be 
conducted.  There are many research possibilities for new formations of piezoelectric based 
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